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Preface

Boundary Element Methods (BEM) play an important role in modern numer-
ical computations in the applied and engineering sciences. Such algorithms are
often more convenient than the traditional Finite Element Method (FEM),
since the corresponding equations are formulated on the boundary, and, there-
fore, a significant reduction of dimensionality takes place. Especially when the
physical description of the problem leads to an unbounded domain, traditional
methods like FEM become unalluring.

A numerical procedure, called Boundary Element Methods (BEM), has
been developed in the physics and engineering community since the 1950s.
This method turns out to be a powerful tool for numerical studies of various
physical phenomena. The most prominent examples of such phenomena are
the potential equation (Laplace equation) in electromagnetism, gravitation
theory, and in perfect fluids. A further example leading to the Laplace equation
is the steady state heat flow. One of the most popular applications of the
BEM is, however, the system of linear elastostatics which can be considered
in both bounded and unbounded domains. A simple model for a fluid flow, the
Stokes system, can also be solved by the use of the BEM. The most important
examples for the Helmholtz equation are the acoustic scattering and the sound
radiation.

It has been known for a long time that boundary value problems for el-
liptic partial differential equations can be reformulated in terms of boundary
integral equations. The trace of the solution on the boundary and its co-
normal derivative (Cauchy data) can be found by solving these equations
numerically. The solution of the problem as well as its gradients or even high
order derivatives are then given by the application of Green’s third formula
(representation formula); this method based on Green’s formula is called the
direct BEM approach. Another possibility is to use the property that single or
double layer potentials solve the partial differential equation exactly for any
given density function. Thus, this function can be used in order to fulfill the
boundary conditions. The density function obtained this way has, in general,
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no physical meaning. Therefore, these boundary element methods are called
indirect.

When boundary integral equations are approximated and solved numer-
ically, the study of stability and convergence is the most important issue.
The most popular numerical methods are the Galerkin methods which per-
fectly fit to the variational formulation of the boundary integral equations.
The theoretical study of the Galerkin methods is now completed and pro-
vides a powerful theoretical background for BEM. Traditionally, however, the
collocation methods were widely used, especially in the engineering commu-
nity. These methods provide an easier practical implementation compared
with the Galerkin methods. However, the stability and convergence theory
for collocation methods is available only for two-dimensional problems. Fur-
thermore, the error analysis of the collocation methods for three-dimensional
problems, when assuming their stability, shows that the rate of convergence
of the Galerkin methods is better, when assuming that the solution is smooth
enough.

In any case, a numerical procedure applied to the boundary integral equa-
tion leads to a linear system of algebraic equations. The matrix of this system
is in general dense, i.e. almost all its entries are different from zero, and, there-
fore, have to be stored in computer memory. It is clear that this is the main
disadvantage of the BEM compared with FEM which leads to sparse matri-
ces. This quadratic amount of computer memory sets very strong, unattractive
bounds for the discretisation parameters and, often, force the user to switch
to the out—of-core programming. However, so called fast BEM have been de-
veloped in the last two decades. The original methods are the Fast Multipole
Method and the Panel Clustering; another example is the use of wavelets.
Furthermore, the Adaptive Cross Approximation (ACA) was introduced and
successfully applied to many practical problems in the last years.

The purpose of this book is twofold. The first goal is to give an exact
mathematical description of various mathematical formulations and numer-
ical methods for boundary integral equations in the three-dimensional case
in an uniform and possibly compact form. The second goal is a systematic
numerical treatment of a variety of boundary value problems for the Laplace
equation, for the linear elastostatics system, and for the Helmholtz equation.
This study will illustrate both the convergence of the Galerkin methods cor-
responding to the theory and the fast realisation of BEM based on the ACA
method. We restrict our numerical tests to some more or less artificial surface
examples. The simplest one is the surface of the unit sphere. Furthermore,
two TEAM examples (Testing Electromagnetic Analysis Methods) will be
considered besides some other non-trivial surfaces.

This book is subdivided into four parts. Chapter 1 provides an overview of
the direct and indirect reformulations of second order boundary value prob-
lems by using boundary integral equations, and it discusses the mapping prop-
erties of all boundary integral operators involved. From this, the unique solv-
ability of the resulting boundary integral equations and the continuous depen-
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dence of the solution on the given boundary data can be deduced. Chapter
2 is concerned with boundary element methods, especially with the Galerkin
method. The discrete version of the boundary integral equations from Chapter
1 and their variational formulations lead to systems of linear equations with
different matrices. The entries of these matrices are explicitly derived for all
integral operators involved. Chapter 3 describes the Adaptive Cross Approx-
imation of dense matrices and provides, in addition to the theory, some first
numerical examples. The largest part of the book, Chapter 4, contains some
results of numerical experiments. First, the Laplace equation is considered,
where we study Dirichlet, Neumann, and mixed boundary value problems as
well as an inhomogeneous interface problem. Then, two mixed boundary value
problems of linear elastostatics will be presented, and, finally, many examples
for the Helmholtz equation are described. We consider again Dirichlet and
Neumann, interior and exterior boundary value problems as well as multifre-
quency analysis. Many auxiliary results are collected in three appendices.

The chapters are relatively independent of one another. Necessary nota-
tions and formulas are not only cross-referred to other chapters but usually
repeated at the appropriate places.

In 2003, Prof. Allan Jeffrey approached us with the idea to write a book
about fast solutions of boundary integral equations. It has been delightful to
write this book and we are also very thankful for his providing the opportunity
to get this book published.

We would like to thank our colleagues from the BEM community for many
useful discussions and suggestions. We are grateful to our home institutions,
the University of Saarland in Saarbriicken and the Technical University in
Graz, for providing an excellent scientific environment and financial funding
to our research.

We appreciate the help of Jiirgen Rachor, who read the manuscript and
made valuable comments and corrections. Furthermore, the authors would
very much like to express their appreciation to Richard Grzibovski for his
help in performing numerical tests.

Saarbriicken and Graz Sergej Rjasanow
March 2007 Olaf Steinbach
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1

Boundary Integral Equations

The solutions of second order partial differential equations can be described by
certain surface and volume potentials when a fundamental solution of the un-
derlying partial differential equation is known. Although the existence of such
a fundamental solution can be guaranteed for a wide class of partial differen-
tial operators, see for example [53], the explicite construction of fundamental
solutions is a more difficult task in the general case. Hence, we consider here
partial differential operators with constant coefficients only. In particular, we
restrict ourselves to the Laplace operator, the Helmholtz operator, and the
systems of linear elastostatics and of Stokes, which include the most important
applications of boundary integral equations and boundary element methods.

When using either a representation formula stemming from Green’s sec-
ond formula or when considering indirect surface potential methods, one has
to find unknown density functions from the given boundary conditions. This
is done by applying the corresponding trace operators to the surface and vol-
ume potentials yielding appropriate boundary integral equations to be solved.
Depending on the given boundary conditions one can derive different formu-
lations of first or second kind boundary integral equations. Although on the
continuous level all boundary integral equations are equivalent to the original
boundary value problem, and, therefore, to each other, they admit quite dif-
ferent properties when applying a numerical scheme to obtain an approximate
solution.

In this chapter we give an overview of direct and indirect reformulations
of second order boundary value problems by using boundary integral equa-
tions and discuss the mapping properties of all boundary integral operators
involved. From this we can deduce the unique solvability of the resulting
boundary integral equations and the continuous dependence of the solution
on the given boundary data.



2 1 Boundary Integral Equations
1.1 Laplace Equation

The simplest example for a second order partial differential equation is the
Laplace equation for a scalar function u : R® — R satisfying

o

3 2
—Au(z) = —Z 8a—u(x) =0 forzeNCR®. (1.1)
x
i=1

This equation is used for the modelling of, for example, the stationary heat
transfer, of electrostatic potentials, and of ideal fluids.

In (1.1), £2 C R? is a bounded, multiply or simply connected domain with
a Lipschitz boundary I" = 912.

Multiplying the partial differential equation (1.1) with a test function v,
integrating over {2, and applying integration by parts, this gives Green’s first
formula

/(—Au(y))v(y)dy = a(u,v) — /WintU(y)véntv(y)dsy (1.2)
2 I

with the symmetric bilinear form

a(u,v) = / (Vuly), Vo())dy,

02

with the interior trace operator

U(m?

int .
v = lim
Yo v(y) 7€, j—yerl

and with the interior conormal derivative of u on I,

int — ; .
() = lm (). Viu(@).

Here, n(y) is the outer normal vector defined for almost all y € I".
From Green’s first formula (1.2) and by the use of the symmetry of the
bilinear form a(-,-), we deduce Green’s second formula

/ (= Av(y))uly)dy + / A (y) e u(y)ds, (1.3)
2 r
= [ (= But)etay+ [~ utnio)ds,
(9 r

Inserting v = vy = 1, we then obtain the compatibility condition

[ (= 2uw)ay + [+ uiws, = o. (1.4)

0] r
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Now, choosing in Green’s second formula (1.3) as a test function v a funda-
mental solution u* : R? x R3 — R satisfying

/(— Ayu*(z,y))u(y)dy = u(z) forz e 2, (1.5)
2

the solution of the Laplace equation (1.1) is given by the representation for-
mula

u(z) = / () u(y) ds, — / A (i () ds,  (16)
I I

for € 2. The fundamental solution of the Laplace equation is

u(x,y) = i ﬁ for z,y € R3. (1.7)
For a domain {2 with Lipschitz boundary I' = 942, the solution (1.6) of the
partial differential equation (1.1) has to be understood in a weak or distribu-
tional sense. For this, appropriate Sobolev spaces H®(£2) and H(I") have to
be introduced; see Appendix A.1.
To derive suitable boundary integral equations from the representation
formula (1.6), we first have to investigate the surface potentials in (1.6) as
well as their interior trace and conormal derivative.

Single Layer Potential

First we consider the single layer potential

(Vw)(z) = /u*(x,y)w(y)dsy = i/ ;U(_yiﬂdsy forz € 02,
T r

which defines a continuous map from a given density function w on the bound-
ary I to a harmonic function Vw in the domain (2. In particular,
V:H V(I - HY(2)

is continuous and Vw € H L(£2) is a weak solution of the Laplace equation
(1.1) for any w € H~/2(I"). Using the mapping property of the interior trace
operator )

W HY(2) — HYA(T),

we can define the corresponding boundary integral operator
V=V

with the following mapping properties, see for example [24, 71, 105].
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Lemma 1.1. The single layer potential operator
V= ,Y(i)ntf/ . H*I/Q(F) N H1/2(F)
is bounded with
IVwllgey < e llwllg-rey  for alw e H (T,
and H=/2(I")-elliptic,
(Vw,wyr > ¢f ||w|\§{,1/2(1,) for allw € H-Y*(I).

Moreover, for w € Loo(I) there holds the representation

;U(_yz)ﬂ dsy forzel

V@) = [w e, = 1 [

r

as a weakly singular surface integral.

Double Layer Potential
Next we consider the double layer potential

Wow) = [ i s, = & [ S22 yga,
I I

for x € 2, which again defines a continuous map from a given density func-
tion v on the boundary I" to a harmonic function Wv in the domain 2. In
particular,

W HY?(I') — HY ()

is continuous and Wv € H(£2) is a weak solution of the Laplace equation
(1.1) for any v € H'/?(I'). Applying the interior trace operator

W' HY () — HYX(T),
this defines an associated boundary integral operator [24, 71, 105].
Lemma 1.2. The boundary integral operator
'y(i)ntW  HY2(I) — HY(I)
is bounded with
I Wl < & ol for allv € HYA(D).

Forv € HY?(I") there holds the representation
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A (W) (z) = (=14 o(2))v(z) + (Kv)(z) forzel,

with the double layer potential operator

(Kv)(z) = lim / A (2, y)o(y)ds,

e—0
yel:|ly—z|>e
1 (x —y,n(y))
= 1 i / Tagp (W
yelly—z|>e
and
() = li L d f erl
o\xr) = &:IL%E 5—2 Sy or T .

ye:|y—x|=¢

Moreover, for v=wvy =1, we have
o(x)vg(z) + (Kvg)(x) =0 forxzel.

If x € I' is on a smooth part of the boundary I" = 0f2, then we obtain

Otherwise, if x € I" is on an edge or in a corner point of the boundary I" = 942,
o(x) is related to the interior angle of {2 in « € I'. However, without loss of
generality, we assume o(x) = 1/2 for almost all z € I".
By applying the interior trace operator 'ymt to the representation formula
(1.6),
u(z) = (Voi™u) () — (Wy"u)(z) forz € 2,

we obtain the boundary integral equation

Whu@) = VAPt @) + 3ol tu@) - (@) (18)

for almost all x € I'. In particular, this is a weakly singular boundary integral
equation,

/ () tu(y)ds, = Srittu(z) + / A (2, )i (y) ds,

2
r r
for x € I, or,
1 1 (x —
1nt mt y,n int
d = —_ h— d .
47r |x (y)dsy g0t 47r |lx — y|3 70 u(y)dsy
r

Instead of the interior trace operator vmt, we may also apply the interior
conormal derivative operator v to the representation formula (1.6). To do
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so, we first need to investigate the interior conormal derivatives of the single
and double layer potentials Vw and Wwv, which are both harmonic in 2. Then,

W HY(2,4) — HV(D),
where
H'Y(2,4) = {v cHY () : Ave Er*l((z)} .
Adjoint Double Layer Potential
Lemma 1.3. The boundary integral operator
ﬂntﬁv . H_l/Q(F) N H_l/Q(F)
s bounded with

. ~ int‘7 _
||’yinti||H71/z(p) < ' U wllg-zy  for allw € H-V2(ID).

Forw € H-'/2(I") there holds the representation
W (Vw) (@) = Sw(@) + (K'w)(z)

in the sense of Hil/z(F), with the adjoint double layer potential operator

e—0

(K'w)(z) = lim / A (2, () ds,
yel:|ly—z|>e

L / (y —z,n(x))

P w(y)ds, .

yely—a|>e

In particular, we have
int 7 1 , 1
(mVw,v)r = §<w7v>l’+ (K'w,v)r = §<wav>r+ (w, Kv)r

for allv € HY2(I).

Hypersingular Integral Operator

In the same way as for the single layer potential XN/w, we now consider the
interior conormal derivate of the double layer potential Wwv.

Lemma 1.4. The operator

D = —~"w . HY2(r) — H-Y2(I)
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is bounded with
1Dollg-1r2ry < 5 N[0l for allv € HYA(ID),
and H'/?(I")~semi—elliptic,
(Dv,v)r > ef [v|}yaqpy  for allv e HY(T).
In particular, for v=vy =1, we have
(Dvo)(z) =0 forxel.

Moreover, for continuous functions u,v € H'Y?(I') N C(I") there holds the
representation

(Du,v)p = % / / (qulruly), ety o(@)) ;o g (1.9)
r r

|z —yl
where
cwrlpu(e) = n(x) x V,ii(z) fora eI

is the surface curl operator and u is some (locally defined) extension of u into
the neighbourhood of I'.

The boundary integral operator D = —ﬂntW does not exhibit an explicit
representation as a Cauchy singular surface integral, in particular,

(Do)() = ™ (Wo)@) = = lim _(n(@), Va(W0)(@)) =

7€, i—zel

[ (z—y,n(y)(z—y,n() (n(x)ny))
Eg&ﬁ e (3 o —yP° R ) oy

does not exist. Therefore the boundary integral operator D is called hyper-
singular operator and it requires some appropriate regularisation procedure.

Since u(z) = 1 for x € 2 is a solution of the Laplace equation —Au(x) = 0,
the representation formula (1.6) reads for this special choice

_/’Y}I,IJU*(EE; y)dsy =1 forz e £2.
T

Thus, we have

*Vz/vi?ﬁu*('f,y)dsy -0 forze .
I

Then,
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(Do)(x) = —A(Wo)(@) = = lm _(n(e), Va(Wo)(@))

ze, x—xel’

—  lim ), Vz /’yinyt * Yo(y)dsy,

€N, T—xel

T€N, z—ax€el’

~ lim ) Vs / A &, 9) (0(0) — v(a) ) ds,

exists as a Cauchy singular surface integral,

(Dv)(z) =
1 (@ —yn@)@—yn@)  @)08)Y (00N o)) ds
i (s ) (o =),

However, using integration by parts as in the derivation of formula (1.9) of
Lemma 1.4, the induced bilinear form of the hypersingular boundary integral
operator can be transformed to a weakly singular bilinear form including some
surface curl operators.

Boundary Integral Equations

Applying now the interior conormal derivative operator 'y}nt to the represen-
tation formula (1.6),

u(@) = (Voitu)(z) — (Writu)(z) fora € 2,

this gives the boundary integral equation
1 .
V() = 571“%( z) + (K" u) (@) + (D" u) (x) (1.10)

in the sense of H~/2(I'). In particular, this is a hypersingular boundary
integral equation,

* 1 *
[ o o gut)ds, = goitute) — [ () ul)ds,,

r r

or,

1 <3 (y —z,n(y)(y —z,n(z) (ﬂ(@v@(i‘ﬂ)) "

4m lz —yl° lz -y
I

|z —yf?

(»y(l)ntu(y) - %i)ntu(x)>dsy = l’ﬁm (z) = / w’Yifntu(y)dsy-
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Combining (1.8) and (1.10), we can write both boundary integral equations
by the use of the Calderon projector as

v(i)ntu B %I—K \% 'y(i)ntu (111)
ity D 3I+K')\~inty | '

From the boundary integral equations of the Calderon projector (1.11) one
can derive some important properties of boundary integral operators, i.e.

VK' = KV, VD = (%I—K)(%I—FK).

Steklov—Poincaré Operator

Since the single layer potential V is H~1/2 (I")—elliptic and therefore invertible,
we obtain from the first equation in (1.11) the Dirichlet to Neumann map

. 1 . C
Aty (z) = V1 (§I—|— K)W(l)ntu(x) = (St (2) forze I (1.12)
which defines the Steklov—Poincaré operator
Sint . H1/2(F) N H—1/2(I-w)
associated to the partial differential equation (1.1). Inserting the Dirichlet
to Neumann map (1.12) into the second equation of the Calderon projector
(1.11), this gives
Nru(w) =
1 ’ 11 int int_ int
D+ (§I—|—K)V (§I+K) Yo tu(x) = (S u)(x)
with the symmetric representation of the Steklov—Poincaré operator
int 1 / 11
s :D+<§I+K)V (§I+K). (1.13)
Note that also the representation (1.12) of the Steklov—Poincaré operator is

symmetric. However, due to Lemma 1.1 and Lemma 1.4, we conclude from
the symmetric representation (1.13)

<Sintv’v>F _ <DU,U>F + <V*1(%I+K)v, (%I+K>v>r
> <Dv,v>F > e [0lF

for all v € HY/2(I"), and, therefore, S™t is H'/2(I")-semi-elliptic. In particu-
lar, for v = vy = 1, we have (S™g)(z) =0 for z € I
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 The Steklov—Poincaré operator S int Jefines the Dirichlet to Neumann map,
Aty — gMt~inty, which is a relation of the Cauchy data associated to a solu-
tion of the homogeneous partial differential equation. This map will be used to
handle more general, e.g. nonlinear, boundary conditions. Moreover, Steklov—
Poincaré operators play an important role in domain decomposition methods,
e.g. when considering boundary value problems with piecewise constant co-
efficients, or when considering the coupling of finite and boundary element

methods, see, for example, [60, 107].

1.1.1 Interior Dirichlet Boundary Value Problem

We first consider the interior Dirichlet boundary value problem for the Laplace
equation, i.e.,

—Au(z) =0 forx € (2, v(i)ntu(x) =g(z) forzel. (1.14)

Using the representation formula (1.6), the solution of the Dirichlet boundary
value problem (1.14) is given by

u(x) = /u*(xw)t(y)dsy — /'yi{l;u*(x,y)g(y)dsy forx € 2,
r r
where t = 1%y is the unknown conormal derivative of v on I" which has to
be determined from some appropriate boundary integral equations.

Direct Single Layer Potential Formulation

Using the first equation in the Calderon projector (1.11), we have to solve a
first kind boundary integral equation to find ¢t € H~'/2(I"), such that

(Vi) (z) = %g(x) + (Kg)(z) forxel, (1.15)
or, 1 t(y) 1 1 [ (z—y,n(y)
r r

Using duality arguments, the boundary integral equation
1
Vi = Sg+Kge HY2(I)

corresponds to

1 Vt—1lg—Kgw
0= HVt——g—KgH = sup < 2'9 g >F
2 HY2(T)  otweH-1/2(I) lwll g-172(ry
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Therefore, t € H='/2(I") is the solution of the variational problem

<Vt,w>F - <(%I+K>g,w>r for all w € H~V2(I), (1.16)

1 t(y)
=@ [
I I

= %/w(x)g(z)dsmnL ﬁ w(x)/%g(y)d%d%.
T

r r

or,

dsyds, =

Theorem 1.5. Let g € H'/? (I") be given. Then there exists a unique solution
t € H-Y2(I") of the variational problem (1.16). Moreover,

1
Il /20y < C—V(1+c§V) gl /20 -
1

Because the boundary integral equation (1.15) results from the representation
formula (1.6) this approach is called direct.

Since both the single and the double layer potentials are harmonic in {2,
the solution of the Dirichlet boundary value problem (1.14) can be represented
also either by a single or by a double layer potential alone. Then the unknown
density functions have no physical meaning in general. The resulting meth-
ods are called indirect and have a long history when solving boundary value
problems for second order partial differential equations, see, e.g., [33].

Indirect Single Layer Potential Formulation

Let us consider the indirect single layer potential approach

wm=me=%/

W) s forze 0,
|z -yl

where we have to find the unknown density function w € H~/2(I"). Applying
the interior trace operator mljnt, from the given Dirichlet boundary conditions,
we then obtain the first kind boundary integral equation

(Vw)(z) = /u*(x,y)w(y)dsy = g(z) forxel, (1.17)
r

which is equivalent to the variational problem
(Vw,2)p = (g,2)p forall ze H Y*(I'), (1.18)

or,
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Theorem 1.6. Let g € H'/?(I") be given. Then there exists a unique solution
w € H=Y2(I') of the variational problem (1.18). Moreover,

1
lwll =172y < CT||9||H1/2(1“).
1

Note that both boundary integral equations (1.15) and (1.17) are of the same
structure, while they are different in the definition of the right hand side. In
fact, the boundary integral equation (1.15) of the direct approach involves
the application of the double layer potential K to the given Dirichlet datum
g, while the right hand side of the boundary integral equation (1.17) of the
indirect approach is just the given Dirichlet datum g itself.

Indirect Double Layer Potential Formulation

Instead of the indirect single layer potential u = Vw we now consider the
indirect double layer potential approach

L [ (z=yn()

’LL(.’E) = —(W’U)((E) = _EF |1__y|3

v(y)ds, forz e 2

which leads, by applying the interior trace operator %i)nt and by the use of
Lemma 1.2, to a second kind boundary integral equation to find v € Hl/z(F)

such that .
§U(x) — (Kv)(z) = g(z) forxzel, (1.19)

[l

CAr |z —y|? v(y)dsy = g(x) forzel.

1
5”(@
r

Since this boundary integral equation is formulated in H'/2(I"), the equivalent
variational problem is to find v € H'/?(I") such that

1
<<§I— K)v,w>F = <g,w>F for all w € H=Y2(I).
The solution of the second kind boundary integral equation (1.19) is given by
the Neumann series

oo

(@) =S (%HK)Z(:C) for o € I (1.20)
£=0

The convergence of the Neumann series (1.20) and therefore the unique solv-
ability of the boundary integral equation (1.19) can be established when using
an appropriate norm in the Sobolev space H'/2(I"), see [108].
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Theorem 1.7. Let g € H'/?(I") be given. Then there exists a unique solution
v e HY2(I') of the boundary integral equation (1.19). Moreover,

1
1—cg

[olly-1 < lgllv—

where cx < 1 is the contraction rate,
1 1/2
H(§I+K)zH < exllzlvr for allz € HYA(T)
V-
with respect to the norm induced by the inverse single layer potential,
212 = (V7 z,2)p  forallz € HY?(I).

It seems to be a natural setting to consider the second kind boundary integral
equation (1.19) in the trace space H'/?(I"), where Theorem 1.7 ensures the
unique solvability. However, for practical reasons, the boundary integral equa-
tion (1.19) is often considered in Lo(I"). While it is known that the shifted
double layer potential operator

%I — K : Ly(I') — Ly(I)

is bounded, see [112], it is an open problem whether this operator is invertible
in Ly(I') or not for general Lipschitz boundaries I" = 0{2.

1.1.2 Interior Neumann Boundary Value Problem

For a simply connected domain 2 C R?, we now consider the interior Neu-
mann boundary value problem for the Laplace equation,

—Au(z) =0 forze 2, ~A%u(z) = ga) forzel. (1.21)
From (1.4), we have to assume the solvability condition
/g(y)dsy = 0. (1.22)
r

Note that the solution of the Neumann boundary value problem (1.21) is only
unique up to an additive constant.

Using the representation formula (1.6), a solution of the Neumann bound-
ary value problem (1.21) is given by

u(z) = / (2, 9)9(y)dsy — / A (2 yitu(y)ds,, @€ 2.
I I

Hence, we have to find the yet unknown Dirichlet datum u = fy(i)ntu on I'.
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Direct Double Layer Potential Formulation

Using the first equation in (1.11), we have to solve a second kind boundary
integral equation to find @ = ™y € HY/?(I") such that

a(z) + (Ku)(z) = (Vg)(z) forxel, (1.23)

| —

or,

1 [(z-yny)_ L[ 9
— ds, = — d f I.
47r \x—y|3 u(y) Sy 47T/|:v—y\ sy forx e

r r

l\DI»—~

As for the second kind boundary integral equation (1.19) for the Dirichlet
boundary value problem (1.14), a solution of the second kind boundary inte-
gral equation (1.23) is given by the Neumann series

oo

a(z) =Y (%I - K)E(Vg)(x) for 2 € I (1.24)

£=0

Since the given Neumann datum g € H~/2(I') has to satisfy the solvability
condition (1.22), and since vy = 1 is the eigenfunction corresponding to the
zero eigenvalue of 1/2 1 + K, all members of the Neumann series (1.24), and,

therefore, @ are in the subspace Hi/Q(F) C H'Y?(I') defined as follows
HY*(I) = {v e HY2(I) : (V™ 1) = 0}.

The general solution of the second kind boundary integral equation (1.23) is
then given by %4, = @ + ¢ where ¢ € R is an arbitrary constant. To fix the
constant, we may require the scaling condition

(s 1) = /aa(y)dsy —a, (1.25)
r

where o € R can be arbitrary, but prescribed. This finally leads to a variational
problem to find @, € H'/?(I") such that

<(%I+K>ﬂa,w>r—|—<ﬂa,1>r<w,1>F = <Vg,w>r—|—oc<w,1>r (1.26)

is satisfied for all w € H~'/2(I'). Note that the bilinear form of the ex-
tended variational problem (1.26) is regular due to the additional term
(Gq, 1) p(w, 1), which regularises the singular operator 1/2 I 4+ K. Summaris-
ing the above, we obtain the following result:
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Theorem 1.8. Let g € H-Y?(I') and a € R be given. Then there erists
a unique solution i, € H'Y?(I') of the extended variational problem (1.26)
satisfying

laallgizry < ¢ (lgllg-1r2cr) +lal) -
If g € H-'/2(I") satisfies the solvability condition (1.22), then i, € HY?(I')
is the unique solution of the boundary integral equation (1.23) satisfying the
scaling condition (1.25).

Direct Hypersingular Integral Operator Formulation

When using the second equation in (1.11), we have to solve a first kind bound-
ary integral equation to find @ = y™*u € H'/2(I") such that

1
(Du)(z) = §g(x) —(K'g)(z) forxzel (1.27)
is satisfied in a weak sense, in particular, in the sense of H~/2(I"). Since the
hypersingular boundary integral operator D has a non—trivial kernel, we have
to consider the equation (1.27) in suitable subspaces. For this we define

HYA(I) = {v e HY2(I): (v,1)p = o} .

Then the variational problem of the boundary integral equation (1.27) reads
to find w € Hif(F) such that

<D7._L,’U>F = <<%I7K')g,v>lﬂ (1.28)

is satisfied for all v € H1/ ?(I'). The general solution of the first kind boundary

integral equation (1.27) is then given by @, = @+ ¢ where ¢ € R is a constant
which can be determined by the scaling condition (1.25) afterwards.

Instead of solving the variational problem (1.28) in the subspace Hi,{Q(F)
and finding the unique solution afterwards from the scaling condition (1.25),
we can formulate an extended variational problem to find @, € H/?(I") such
that

<Daa,v>F + <aa, 1>F<v, 1>F - <<%I _ K/)g,v>F + a<v, 1>F (1.29)

is satisfied for all v € HY/2(T).

Theorem 1.9. Let ¢ € H-Y?(I") and a € R be given. Then there exists
a unique solution i, € H'Y?(I') of the extended variational problem (1.29)
satisfying

laallgizy < ¢ (lgllg-1r2cr) +lal) -
Ifg € H='/2(I') satisfies the solvability condition (1.22), then i, is the unique
solution of the hypersingular boundary integral equation (1.27) satisfying the
scaling condition (1.25).
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Steklov—Poincaré Operator Formulation

Instead of the hypersingular boundary integral equation (1.27) we may also
consider a Steklov—Poincaré operator equation to find @ = v{™u € HY/2(I")
such that )

(™) (z) = g(z) forzel, (1.30)

where the Steklov—Poincaré operator Sint g given either by the Dirichlet to
Neumann map (1.12) or in the symmetric form (1.13). As for the hypersingular
boundary integral equation (1.27), one can formulate an extended variational
formulation to find @, € H'Y?(I") such that

(S™ %, v) r + (e, 1) r (v, 1) r = (g,v)r + v, 1)1 (1.31)

is satisfied for all v € H'Y?(I'), and where o € R is given by the scaling
condition (1.25).

Theorem 1.10. Let g € H™'/2(I") and o € R be given. Then there erists
a unique solution i, € H'/?(I') of the extended variational problem (1.31)
satisfying

laallgirzry < ¢ (lglla-12ry + lal) -
If g € H=Y/2(I') satisfies the solvability condition (1.22), then i, is the unique

solution of the Steklov—Poincaré operator equation (1.30) satisfying the scaling
condition (1.25).

Indirect Single and Double Layer Potential Formulations

When using the indirect single layer potential ansatz u = Vw in 2, the
application of the interior conormal derivative operator yint gives the second

kind boundary integral equation

%w(gg) + (K'w)(x) = g(x) forzel. (1.32)

As for the second kind boundary integral equation (1.23), the solution of the
boundary integral equation (1.32) is given by the Neumann series

w(z) = Z (%I — K')eg(m) forz e I (1.33)
=0

The convergence of the series (1.33) follows as in Theorem 1.7 due to the
contraction estimate, see [108],

1
|(2r= &)l < el for allw € T30 = w1y = 0

with cx < 1.
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The indirect double layer potential approach u = —Ww in 2 leads, finally,
to the hypersingular boundary integral equation

(Dv)(z) = g(z) forz el

which is of the same structure and hence can be handled like the hypersingular
boundary integral equation (1.27); we skip the details.

1.1.3 Mixed Boundary Value Problem

In most applications we have to deal with boundary value problems with
boundary conditions of mixed type, e.g. with Dirichlet or Neumann boundary
conditions on different non—overlapping parts I'p and I'y of the boundary
I' = I'p UT y, respectively. Therefore, we now consider the mixed boundary

value problem
—Au(x) for z € 12,

=0
vty (z) = g(x)  forz € I'p, (1.34)
~ty(z) = f(z)  forz € I'y.

Note that for simplicity the domain {2 is supposed to be simply connected.
The solution of the mixed boundary value problem (1.34) is then given by the
representation formula

u() = / u (e, g u(y)ds, + / u (z,9) f(y)ds,

I'p I'n

- / Yy (@, y)g(y)ds, — / Y (w,y)ve tuly)ds, forx € 2,
I'p I'y

where we have to find the yet unknown Cauchy data v{™u on I'y and ity
on I'p. As we have seen in the two previous subsections on the Dirichlet and
on the Neumann problem, there exist different approaches leading to different
boundary integral equations to find the unknown Cauchy data. However, we
consider here only two direct methods, which seem to be the most convenient
approaches to solve mixed boundary value problems by boundary element
methods. The definition of the Sobolev spaces H'/?(I'y) and H~'/?(I'p) can
be seen in Appendix A.1.

Symmetric Formulation of Boundary Integral Equations

The symmetric formulation (cf. [103]) is based on the use of the first kind
boundary integral equation (1.15) to find the unknown Neumann datum ﬂmu
on the Dirichlet part I'p, while the hypersingular boundary integral equation
(1.27) is used to find the unknown Dirichlet datum Y™ on the Neumann

part I'y:
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(Vi) (@) = Sg(e) + (Kofu)(z) fora € T,

(D)) = 5(2) — (K'{"u) @) for 2 € T

Let § € HY2(I') and f € H-Y/2(I") be some arbitrary, but fixed extensions
of the given boundary data g € HY?(I'p) and f € H~'/?(I'y), respectively.
Then, we have to find

U=~y —ge HY2(I'y), T=~"u—feH V2(Ip)

satisfying the system of boundary integral equations
~ _ 1 _ ~
(Vt)(z) - (Ku)(z) = 59(z) + (Kg)(z) = (Vf)(z) forz e I,

~ _ 1 .- _
(K'D)(w) + (DT)(@) = 5 f(x) = (K')(z) — (DF)(x) forz € Iy,
The associated variational problem is to find
(@) € H™V/%(I'p) x HY(Iy)

such that _
a(t,u; w,v) = F(w,v) (1.35)

is satisfied for all (w,v) € H=Y2(I'p) x HY2(I'y) with
a(t,; w,v) = (Vt,w)r, — (K, w)r, + (K't,v)ry + (DU, 0)ry,
1 ~ 1 ~
= (o5 vT), (7o)
(w,v) =39+ Kg=Viw) +{5f f-Dgv)
Since the bilinear form a(,-; -, -) is skew—symmetric, i.e.
a(w,v;w,v) = (Vw,w)r, + (Dv,v)ry,

the unique solvability of the variational problem (1.35) follows from the map-
ping properties of the single layer potential V" and of the hypersingular integral
operator D.

Theorem 1.11. Let g € HY/?(I'p) and f € H™'/?(I'y) be given. Then there
exists a unique solution (t,u) € H~Y?(I'p) x H'?(I'y) of the variational
problem (1.35) satisfying

‘lﬂ'gﬁ—l/2(FD) + ||u||H1/2 FN) = (Hg"?{l/?(FD) + ||f||§[—1/2(FN)) .
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Steklov—Poincaré Operator Formulation

Instead of using the weakly singular boundary integral equation (1.15) on
I'p and the hypersingular boundary integral equation (1.27) on Iy, we may
also use the Dirichlet to Neumann map (1.12) to derive a second boundary
integral approach to find the yet unknown Cauchy data. Then we have to
solve an operator equation to find @ € H/?(I'y) such that

(SM)(z) = f(z) — ("G () forz € Iy, (1.36)

where the Steklov-Poincaré operator St : H/2(I") — H~1/2(I) is either
given by the representation (1.12) or by the symmetric version (1.13). Al-
though both representations are equivalent in the continuous case, they ex-
hibit different stability properties when applying some numerical approxima-
tion schemes.

Theorem 1.12. Let g € HY/?(I'p) and f € H™'/?(I'y) be given. Then there
exists a unique solution w € H/? (I'n) of the Steklov—Poincaré operator equa-
tion (1.36) satisfying

ilzasa gy < € (lgllirnacroy + 1 Fl-/2cry)) -

When the Dirichlet datum véntu = u+ g is known on the whole boundary I,
we can find the complete Neumann datum 'yintu by solving the corresponding
Dirichlet boundary value problem afterwards.

1.1.4 Robin Boundary Value Problem

Besides of standard Dirichlet or Neumann boundary conditions also linear
or nonlinear boundary conditions of Robin type have to be included, as for
example in radiosity transfer problems.

Linear Robin Boundary Conditions
Hence we now consider the Robin boundary value problem
—Au(z) =0 for z € 2, ¥ u(z) + r(z)yiMu(z) = g(z) forz € I, (1.37)

where k € Loo(I") is strictly positive with x(z) > ko > 0 for x € I'. Using the
Dirichlet to Neumann map 'y%ntu = S’intv(i)ntu on I" with the Steklov—Poincaré
operator S . HY/2(I") — H~/2(I') either defined by (1.12) or by (1.13),
we can find the unknown Dirichlet datum ~{"u € H'/2(I") by solving the
boundary integral equation

(8™ u) (@) + w(e)y u(x) = g(x) forzel.
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Since x is assumed to be strictly positive, the additive term regularises the
HY/ 2(I')-semi-elliptic Steklov—Poincaré operator S0t yielding the unique
solvability of the equivalent variational problem to find @ € H'/ 2(I') such
that

(S, v)p + (5@, v)r = (g,v)r for allv € HY2(I). (1.38)

Theorem 1.13. Let g € H™Y/2(I') and k € Loo(I") with k(z) > ko > 0 for
x € I' be given. Then there exists a unique solution of the variational problem
(1.38). Moreover,

||ﬂ||H1/2(1") < C||gHH—1/2(F).
When the complete Dirichlet datum u = »y(i)ntu c H1/2 (I') is known we can

find the Neumann datum ﬂntu by solving the corresponding Dirichlet bound-

ary value problem.

Nonlinear Robin Boundary Conditions

Instead of linear Robin boundary conditions in the boundary value problem
(1.37), we may also consider a boundary value problem with nonlinear Robin
boundary conditions,

—Au(z) = 0for z € 2, Y™ u(z) + f(HIMu,2) = g(z) forz € T,
where f(-,-) is nonlinear in the first argument, for example f(u,z) = (u(x))m
with m € N, typical choices are m = 3 or m = 4. Using again the Dirichlet

to Neumann map ity = Sint'y(i)ntu on I', we can find the unknown Dirich-

let datum @ = yi™u € H'/2(I") by solving the nonlinear boundary integral
equation

(S™a)(z) + f(u,2) = g(x) forxel.
The equivalent variational problem is to find @ € H'/?(I") such that
(S a )+ (f(@,-),0)r = (g,v)p for allv e HY?(I). (1.39)

The unique solvability of the nonlinear variational problem (1.39) follows from
appropriate assumptions on the nonlinear function f, see, e.g., [32, 95].

Theorem 1.14. Let g € H'/%(I") be given and let f be strongly monotone
satisfying

(fu) = f@ Ju=v) = elu=oli,r forallu,ve Ly(D).

Then there exists a unique solution uw € HY?(I") of the nonlinear variational
problem (1.39) satisfying

||a||H1/2(F) <c ||gHH—1/2(F).
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1.1.5 Exterior Dirichlet Boundary Value Problem

One of the main advantages in using boundary element methods for the ap-
proximate solution of boundary value problems is their applicability to prob-
lems in exterior unbounded domains. As a first model problem we consider
the exterior Dirichlet boundary value problem

—Au(z) =0 forze 2°=R\02, ~&%(z)=g(x) forzel (1.40)

with the radiation condition

1
lu(z) —upl = O <|—> as |z| — oo, (1.41)
x
where ug € R is given. We denote by
Ay (z) = lim ()

zeNe, x—xel
the exterior trace of u on I' and by

ext : ~
= 1 m ~
() e Tmaer (n(2), Vzu(@))

the exterior conormal derivative of w on I'. Note that the outer normal vector
n(z) is still defined with respect to the interior domain 2.

For a fixed yo € 2 and R > 2diam {2, let Br(yo) be a ball of radius R
with centre in yy and including 2. The solution of the boundary value problem
(1.40) is then given by the representation formula, see (1.6), for z € Br(yo)\ {2

w(z) = - / ()t u(y)ds, + / A (2, y) g () dsy
I r
+ / u* (97 M u(y)ds, — / A (2, )iy ds,.
OBRr(yo) OBRr(yo)

Taking the limit R — oo and incorporating the radiation condition (1.41),
this gives the representation formula in the exterior domain 2¢

u(z) = up — /u*(az,y)vf){tu(y)dsy +/7?fztu*(sc,y)g(y)dsy (1.42)
T T

ext

for 2 € 2¢. To find the yet unknown Neumann datum t = 4ty ¢ H=/2(I"),
we apply the exterior trace operator 'yg’(t to obtain the boundary integral
equation

(Vt)(x) = —%g(x) + (Kg)(x) +ug forxel. (1.43)
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As for the direct and the indirect approach for the interior Dirichlet boundary
value problem, we can conclude the unique solvability of the first kind bound-
ary integral equation (1.43) from Lemma 1.1. We then obtain the Dirichlet to
Neumann map

1
A&ty (z) = V*l(f ST+ K)’ngtu(x) + (V) (x) forz el (1.44)
associated to the exterior Dirichlet boundary value problem (1.40).

Applying the exterior conormal derivative to the representation formula
(1.42), and inserting the Dirichlet to Neumann map (1.44), this gives

¥tu(a) = (51— K )70%u(e) — (Drgtu)()
- (%1 - K') <V1< - %f + K )gtu(z) + <v1uo><x>) — (D5 ()
= (™5 u)(@) + (5 K') (Vo) a) (1.45)
with the Steklov—Poincaré operator (cf. (1.13))

Sext — D+(—%I+K,)V71(—%I+K> . H1/2(F)_)H*1/2(F) (146)

associated to the exterior boundary value problem (1.40).

1.1.6 Exterior Neumann Boundary Value Problem

Instead of the exterior Dirichlet boundary value problem (1.40), we now con-
sider the exterior Neumann boundary value problem

—Au(z) = 0 forze Q¢ 4™(z) = g(z) forzel (1.47)

with the radiation condition (1.41)

1
|lu(z) —ugl = O <m> as |z| — oo,

where ug € R is given. Note that, due to the radiation condition, we have
unique solvability of the exterior Neumann boundary value problem (1.47).
As for the exterior Dirichlet boundary value problem, the solution of the
exterior Neumann boundary value problem is given by the representation
formula (1.42)

u(r) = ug — /u*(:my)g(y)dsy +/Wf,};tu*(%y)wg"tu(y)dsy. (1.48)
I I
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for z € 2°. To find the yet unknown Dirichlet datum @ = 7§X* € HY/?(I'),
we apply the exterior trace operator ’ySXt to obtain the boundary integral

equation
%ﬂ(m) — (Ku)(x) = uo— (Vg)(x) forzel. (1.49)

As for the indirect double layer potential formulation for the interior Dirichlet
boundary value problem, the solution of the boundary integral equation (1.49)
is given by the Neumann series

a(z) —uo+Z( I+K) 9)(z) forzerl, (1.50)

where we have used (1/21 + K)up = 0. The convergence of the Neumann
series (1.50) in H'/2(I") follows from Theorem 1.7. Note that the boundary
integral equation (1.49), and, therefore, the exterior Neumann boundary value
problem (1.47) with the radiation condition (1.41) is uniquely solvable for any
given g € H-1/2(I).

When applying the exterior conormal derivative ’nyt to the representation
formula (1.48), this gives the hypersingular boundary integral equation to find
i =% € HY?(I') satistying

(D) (x) = f%g(:r) —(K'g)(z) forzel. (1.51)
The boundary integral equation (1.51) is equivalent to the variational problem
to find @ € H'/?(I") such that

<Dﬂ,v>F - —<g, (%I + K)’U>F (1.52)

is satisfied for all v € H'/2(I"). Using the test function v = vy = 1, this gives
the trivial equality

(), = (100), = ~{a (31 ), =0

This shows that the variational problem (1.52) has to be considered in a sub-
space of H'/2 (I') which is orthogonal to constants. In particular, the solution
of the variational problem (1.52) is only unique up to a constant. Since the
hypersingular boundary integral operator D : H/?(I') — H~/2(I') is only
HY 2(I')-semi elliptic, see Lemma 1.4, a suitable regularisation of the hyper-
singular boundary integral operator has to be introduced. As in (1.29), we
obtain an extended variational problem to find @ € H'/2(I") such that

<Da,v>F + <a, 1>r<”’1>p - 7<g, (%I+K>v>r (1.53)

is satisfied for all v € HY?(I"). The extended variational problem (1.53) is
uniquely solvable yielding a solution @ € H'/?(I") satisfying the orthogonality
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(@,1)p = 0. Since u(x) = 1 for € £2¢ is a solution of the Laplace equation
—Au(x) = 0 with the radiation condition (1.41) for ug = 1, the representation
formula (1.48) reads

u(z) = uo +/716f§tu*(x,y)dsy
T

implying
/VfitU*(xay)dsy =0 forxze 0°.
r
This shows that the scaling condition for the solution @ of the extended vari-

ational problem (1.53) can be chosen in an arbitrary way, the representation
formula (1.48) describes the correct solution for any scaling parameter.

1.1.7 Poisson Problem

Instead of the homogeneous Laplace equation (1.1), we now consider an inho-
mogeneous Poisson equation with some given right hand side. The Dirichlet
boundary value problem for the Poisson equation reads

—Au(z) = f(z) forze 2, ~™u(z) = g(z) forzel (1.54)

From Green’s second formula (1.3), we then obtain the representation formula

u(z) = /u*(w,y)t(y)dsy - /vi?JU*(:v,y)g(y)dsy +/u*(x,y)f(y)dy
r r o)
for x € {2, where t = ’y%ntu is the yet unknown Neumann datum. As for the
interior Dirichlet boundary value problem (1.14), we have to solve a first kind
boundary integral equation to find t € H~/2(I") such that

(Vi)(w) = 50(a) + (Kg)(&) ~ (Nof)a) forzel,  (159)

where

(Vo) = [w (e fwidy foreer
2

is the Newton potential entering the right hand side. Hence, the unique solv-
ability of the boundary integral equation (1.55) follows, as in Theorem 1.5,
for the first kind boundary integral equation (1.15), which is associated to the
Dirichlet boundary value problem (1.14).

The drawback in considering the boundary integral equation (1.55) is the
evaluation of the Newton potential Ny f. Besides a direct computation there
exist several approaches leading to more efficient methods.
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Particular Solution Approach
Let u, be a particular solution of the Poisson equation in (1.54) satisfying
—Auy(z) = f(z) forzxz e 2.

Then, instead of (1.54), we consider a Dirichlet boundary value problem for
the Laplace operator,

—Aug(z) =0 forze 2, Aiuy(z) = g(x) — 1™ upy(z) forz el

The solution u of (1.54) is then given by ¢ + up. The unknown Neumann

datum tg = 'yintuo is the unique solution of the boundary integral equation

(Vio)(w) = 5 (900) —ibup(@)) + (K (g —t,) ) (@) forze T

On the other hand we have
to = Mg = 1 (u— ) =t —Mu,(2).

Hence, we obtain

(Ve)(z) = %g(x)+(Kg)( )f%%ntup( ) — (K, (2) + (Vo) (2)

for z € I', and, therefore,

(Nof)(@) = 3l up(@) + (Koluy) (@) = (VA]tuy () for € T

Thus, we can evaluate a Newton potential Ngyf by the use of the surface
potentials, when a particular solution wu, of the Poisson equation is known.
Integration by Parts

In several applications the given function f in (1.54) satisfies a certain homo-
geneous partial differential equation. For simplicity, we assume that

—Af(z) =0 forz e 2.

Using

1 1 1
— A=z =
W) = J(5ole =)

we obtain from the Green’s second formula (1.3)

/mmwmwzgffAm—wy

2

1
o /viflytlfv — y]i f(y)ds, — — /véﬁf z —ylyitf (y)dy
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1.1.8 Interface Problem

In addition to interior and exterior boundary value problems, we may also
consider an interface problem, i.e.,

—o;Aui(x) = f(z) forx € 2, —a.Auc(x)=0 forxze 2°  (1.56)

with transmission conditions describing the continuity of the potential and of
the flux, respectively,

’Yéntuz( )_’YSXt (), O‘Wint i(7) —046’716Xt () forzel, (1.57)

and with the radiation condition for a given ug € R,

|ue(z) —ug| = O <| |) as |z| — oo. (1.58)

The solution of the above interface problem is given by the representation
formula

ui(x) = [ w (@, )y (@) dse — [ 00 (2, y) i wi (y)ds,
[ [
= [y F)dy

Qg
02

for x € 2 and

we(x) = o — / (s Yy (2)ds, + / A (i, )y (y)ds,
I

r
f e int/ext .
or x € (2°. To find the unknown Cauchy data 7, u and 7y u, which
are linked via the transmission conditions (1.57), we have to solve appropriate
boundary integral equations on the interface boundary I'. Using the Dirichlet
to Neumann map associated to the interior Dirichlet boundary value problem
(1.54), in particular, solving the boundary integral equation (1.55),

int/ext
1

(V) (@) = 528us(o) + (Kaftu)(@) - - (Nof)(w) fora e I

we obtain

1 1
Ay () = V*1(51+K) () = =V (Nof)(@) fora eI

i
Let us assume that there is given a particular solution u, satisfying

—Au,(z) = f(z) forxze (2.
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Hence, we obtain

(Nof)(w) = 328"y (2) + (Knffu) (@) — (VA1) () forw e T

and, therefore,
'Yint i(z) =
1 1 1
V(G4 K )it usto) + o) — oV (14 K )oftug(a) =

U 1 .
(S50 05) () + 2l (o) = (Sl o)

?

for x € I' with the Steklov-Poincaré operator gint, Correspondingly, the
Dirichlet to Neumann map (1.45) associated to the exterior Dirichlet boundary
value problem (1.40) gives

1
VX () = —(SFEASEy,) () + (gf—K')(V*luo)(x) forz € I
Inserting the transmission conditions (1.57),

u = VgXt 6( ) ’th)ntuz(x)a Z'Yint z( ) = ae'Yth e(x) forx € I,

we obtain a coupled Steklov—Poincaré operator equation to find @ € H'/ )
such that

o (S™%) (2) + e (S0) () =
(580, () — 24y () + 0 (31— K) (Vo) ()

is satisfied for x € I'. This is equivalent to a variational problem to find
@ € HY?(I') such that

<(aiSint + aeSeXt)ﬁ,v> = (1.59)
r
R 1
<Slnt’}/6nt ’yintup+ae(§I—K')V_luo,U>
r

is satisfied for all v € H'/2(I"). The unique solvability of (1.59) finally follows
from the ellipticity estimates for the interior and exterior Steklov—Poincaré
operators St and Sext,

1.2 Lamé Equations

In linear isotropic elastostatics the displacement field u of an elastic body occu-
pying some reference configuration 2 C R satisfies the equilibrium equations
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—Zai oij(u,x) =0 forze 2, i=1,23, (1.60)

j=1

where o € R3*3 denotes the stress tensor. For a homogeneous isotropic ma-
terial, the linear stress—strain relation is given by Hooke’s law

3
E
61] ekk 761’]’ (Q, x)

a'ij(yv SC) = P + v

(1+y )(1—2v)

for i,5 =1,2,3. Here, E > 0 is the Young modulus, and v € (0,1/2) denotes
the Poisson ratio. The strain tensor e is defined as follows,

1/ 0 0
eolwa) = 5 (uslo)+ pte)) orig =123
i J

Inserting the strain and stress tensors, we obtain from (1.60) the Navier system
—pAu(r) — (A + p)graddivu(z) = 0 forz e 2

with the Lamé constants

Fv E

YT aEa-my T A

Multiplying the equilibrium equations (1.60) with some test function v;, in-
tegrating over {2, applying integration by parts, and taking the sum over
1 =1,2,3, this gives the first Betti formula

3
0 . .
- / > 50w y)uiy)dy = au,v) - / (vintu(y),vénty(y))dsy (1.61)
D Hi=1 Ys J
with the symmetric bilinear form

3
/Z Uz] u, Z/ ezj v y)dy

1,j=1

3
:2/_;/2(3” u, y)eq; (v ydy—i—/\/dlvu ) divu(y)dy

i,j=1

and with the boundary stress operator

(vt (y Zawuyn]y foryel,

and for ¢ = 1,2, 3, which can be written as
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(31 u)(y) = Adivu(y) n(y) + 25 u(y) + pnly) x cwluy) fory € L'

n(y)”

From (1.61) and using the symmetry of the bilinear form a(-, -), we can deduce
the second Betti formula

/Z oy, =05 (v, y)ui(y )dy+/( int u(y), 7(1)Htu( ))dsy (1.62)

i,j=1

/Z 3—3/]0” u, T)vi (T )dy+/( ity (), 4A0y (y ))dsy

4,5=1
Let
1 0 0 —T2 0 T3
R = span o), (1), (o}, =2 |, —=3], 0 (1.63)
0 0 1 0 T2 —T1

be the space of the rigid body motions which are solutions of the homogeneous
Neumann boundary value problem

*Zaifnj(y,%) =0 forzeR, (YW)(x) =0 forzel,
P €5

for i =1,2,3, and v € R. Then there holds

N / i gf;%(% yvi(y)dy + / (’yim_( ), vénty(y)>dsy =0

o Hi=l T

for i =1,2,3, and for all v € R.
Choosing in (1.62) as a test function v a fundamental solution Uj(z,y)
having the property

3
_/ > %Uz‘j(@(w,y%y)ui(y)dz} = ug(z), (1.64)

o bi=1 77

the displacement field u satisfying the equilibrium equations (1.60) is given
by the Somigliana identity

ure) = [ AU o)) dsy = [ (U7 G 0) () ) s, (169
r r

for x € 2 and £ = 1,2,3. The fundamental solution of linear elastostatics is
given by the Kelvin tensor
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. 1 11+v ke (wk = yk)(we — ye)
Uiz, y) = . ((3 4y)|x—y| + ERE (1.66)

for z,y € R? and k,¢ = 1,2, 3. Note that the fundamental solution is defined
even in the incompressible case v = 1/2.

The mapping properties of all boundary potentials and the related bound-
ary integral operators follow as in the case of the Laplace operator.

Single Layer Potential

The single layer potential of linear elastostatics is given as

3
(f/Lamew)k(z) = %é 1 v ((3 —4v)( Vwk )+ Z Vuwe ) )
—v —

where

() (&) = % / wi(y) ds,

|z —y|
is the single layer potential of the Laplace operator, and

1 [ (k= ye)(@e — yo)

(ng’we)(x) = I |Jj — y|3 wg(y)dsy
r
1 0 1
=1 | we) (- yk)a—wm Sy
r

for k,¢ = 1,2,3. The single layer potential V1M defines a continuous map
from a given vector function w on the boundary I" to a vector field VLamew
which is a solution of the homogeneous equilibrium equations (1.60). In par-
ticular,

‘7Lame . [H71/2(F)}3 N [HI(Q)]B
is continuous. Using the mapping property of the interior trace operator
W HY(Q) — HYA(I)

for (VLame )e, £ = 1,2, 3, this defines a continuous boundary integral oper-
ator yLame _ ,y(l)ntVLame.

Lemma 1.15. The single layer potential operator
VLame . [H—l/Q(F)]?, N [Hl/Q(F)]?)

1s bounded with

VI | o s < |wllyg1s2rys for allw € [H™ YD)
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and, if v € (0,1/2), [H=Y/2(I))?-elliptic,
<VLamewaw>F > o Hw||[2H*1/2(I‘)]3 Jor allw € [H_l/Q(F)]B»

where the duality pairing {-,-) is now defined as follows

@mz/wmumwy

r

Moreover, for w € [Loo(I")]? there holds the representation

L 111+v 2
ame — —_
(V w)k(l‘) = 2 E -5 <(3 4V Vwk —l— ; ng’wz )
where ) )
_ [ wely
(Vwk)(x) - 471' |I _y‘
r

is the single layer potential of the Laplace operator, and

(View)@) = 1= [ o) on - ) ——

s
47 Aye |l —y| Y
T

for k, 0 =1,2,3, all defined as weakly singular surface integrals.

Note that the single layer potential V1M of linear elastostatics can be
written as

(VLamew)k(x) _

3
%% 1 J_r Z ((Vwk)(x) + Z(W@W)(:ﬂ)) + % 1 J_r Z(l —20)(Vwy)(x),

where the first part corresponds to the smgle layer potential VStokes of the
Stokes problem (see Section 1.3). From V>KeSp — 0 we then obtain (cf.
[106])

11+v

3
L
(Vamen n) = El—y (1—2v Z Vng,ng) ,
k=1

showing that the ellipticity constant ¢} behaves like O(1 — 2v) for v — 1/2.
In particular, we have

1 Viv) = 0.
Uir5>261( V)
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Double Layer Potential

The double layer potential of linear elastostatics is

(whame,), () = / (WU (2, ), 0(y)) ds,

for £ = 1,2,3. The double layer potential WLame defines a continuous map
from a given vector function v on the boundary I" to a vector field Wlamey
which is a solution of the homogeneous equilibrium equations (1.60). In par-
ticular,

W [HY2(D)? — [HY ()

is continuous. Using the mapping property of the interior trace operator
W HY(Q) — HYA(I)

applied to the components (Wv)y, £ = 1,2, 3, this defines an associated bound-
ary integral operator.

Lemma 1.16. The boundary integral operator
,\/(l)ntWLamey: [Hl/z(l“)]3 _ [Hl/Q(F)]3
s bounded with
e Wl s < &3 Nl for allw € [HY(D)P.

For continuous v there holds the representation

bWy (0) = S+ (1) 2)

for x € I' with the double layer potential operator

(KLAme ) () = (o)) — (VM@ 0)0)(@) + 7o (VECM (0, m)e) 0),

where K and V are the double and single layer potential for the Laplace oper-
ator, and ylame ;o e single layer potential of linear elasticity, respectively.
In addition, we have used the matriz surface curl operator given by

0 )
dy; 7 Dy,

Mi;j(0y,n(y)) = n;(y) (1.67)

fori,7 =1,2,3. Moreover, we have
1
(51 + KLame)Q(x) =0 forallveR,

where R is the space of the rigid body motions.
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By applying the interior trace operator *y(i)nt to the representation formula
(1.65), we obtain the first boundary integral equation

. . 1 - .
W ulr) = (VRO u)(2) + otule) — (KH00gtu)(2) - (1.68)

for x € I'. Instead of the interior trace operator ”yént, we may also apply the

interior boundary stress operator ’yint to the representation formula (1.65).
To do so, we first need to investigate the application of the boundary stress
operator to the single and double layer potentials VEamey and Whamey which
are both solutions of the homogeneous equilibrium equations (1.60).

Adjoint Double Layer Potential
Lemma 1.17. The boundary integral operator

,YintVLame . [Hfl/Q(F)]B N [Hfl/Z(F)]S
1s bounded with

. ~ int {7
||'7th VLame oV ”

MH[H—l/z(p)]s S 021 MH[H—1/2(F)]3 fO’f’ allg € [Hil/Q(F)]B.

For w € [H=Y2(I')]? there holds the representation
e 1
(VLA (@) = Sw(e) + (K1) w) (2)
in the sense of [H=Y2(I')]*. In particular, for v € [HY?(I')]* we have

(w,v) p + (w, KXmey) 1.

N | =

w,v)r =

Hypersingular Integral Operator

In the same way as for the single layer potential ‘N/Lamew, we now consider the
application of the boundary stress operator 4™ to the double layer potential
WLamev_

Lemma 1.18. The boundary integral operator
DLame _ —’YintWLame . [H1/2(F)]3 - [Hfl/Q(F)]B
is bounded with
IDYC | s pype < e ol garagrye for allv € [HY2(D)?

and H712/2(F) —elliptic,
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(DY, 0)p 2 of [ollfysa s for allv € HZ*(I),

where Hf,lz/2 (I) is the space of all vector functions which are orthogonal to the
space R of rigid body motions. In particular, there holds

(DLameQ)(m) =0 foralveR.

Moreover, for continuous vector functions u,v € [HY?(I') N C(I')]?, there
holds the representation

<DLameﬂv U>F -

r r
B 20 (o)) M0, n(y))uly)ds,ds, +
27 |z — y ’ v - yeE
1% - 1
L / / My (0, 1) )05 () —— My (D, ()03 ()l s
Am X |z — y]
T r i,7,k=1

with the surface curl operator M(9,n) as defined in (1.67) and

%@) = M35(8,,n(2)),
)

5500 = Mi3(9,, n(x)),
)

m = Mgl(araﬂ(‘r))

Boundary Integral Equations

Applying the interior boundary stress operator 'y%nt to the Somigliana identity
(1.65),

u(z) = (Viameyint,) oy gylame int, )y for o e )
this gives a second boundary integral equation
int

ntu(r) = %vintu(x)Jr ((rhomeyyinty) (@) 4 (DLAmeainty) z) - (1.69)

for x € I'. As in (1.11), we can write the boundary integral equations (1.68)
and (1.69) by the use of the Calderon projector as
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’y(i)nty %I _ KLame VLame L0
,yilntg DLame 1I+ KLame ( ’ )

Since the single layer potential V1ame jg [H~1/2(I')]?~elliptic and therefore
invertible, we obtain from the first equation in (1.70 ) the Dirichlet to Neumann
map

’ymtu( ) = (SLame'yéntg)(x) forx el (1.71)

with the Steklov—Poincaré operator
Lame _ Lame - Lame
st = (viame)” (L1 )
— plame | (%I—&- (KLame>/) (VLame>_1(%I+ KLame).
Note that it holds
(glame,intyy iy — 0 for ally € R.

1.2.1 Dirichlet Boundary Value Problem

When considering the Dirichlet boundary value problem of linear elastostatics,

Za%a”ux =0 forxz e 2,i=1,2,3,

'y(l)ntu( y=g(z) forxzel,

the displacement field u can be described by the Somigliana identity

wle) = [ (Uit t))ds, — [ (5030, g0) ) ds,

r r

for x € 2 and k = 1,2,3, where the boundary stress ¢t = Wmtu has to be
determined from some appropriate boundary integral equation.

Using the first equation in the Calderon projector (1.70), we have to solve
a first kind boundary integral equation to find t € [H~'/2(I")]* such that

Lame o 1 Lame
% t)(x) = §g(x) + (K g)(x) forwel.

This boundary integral equation corresponds to finding the solution ¢ of the
variational problem

(i), = ((er)yn), o

in [H=Y2(I")]? for all test functions w € [H~/2(I')]*. Since the single layer
potential VIame s [[7=1/2()]3—elliptic, the unique solvability of the varia-
tional problem (1.72) follows due to the Lax—Milgram theorem.
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1.2.2 Neumann Boundary Value Problem

For a simply connected domain £2 C R3, we now consider the Neumann bound-
ary value problem

3
0 .
— Z aTjaij(g, z) =0 forxe2,i=1,2,3, (1.73)

yity(z) = gz) forzel

j=1

where we have to assume the solvability conditions

/ (g(y),véﬂty(y))dsy =0 foralveR. (1.74)
r

Note that the solution of the Neumann boundary value problem (1.73) is only
unique up to the rigid body motions v € R.

Using the Somigliana identity (1.65), a solution of the Neumann boundary
value problem (1.73) is given by the representation formula

ule) = [ (i) g)ds, ~ [ (07 (@ 9) 1" ) ) s,

I r

for x € §2 and ¢ = 1,2,3. Hence, we have to find the yet unknown Dirichlet
datum u = v(l)ntg on I.

When using the second equation in the Calderon projector (1.70), we have
to solve a first kind boundary integral equation to find @ € [HY/?(I")]® such

that

(DLameg) () — Lo - ((KLame)' g> (r) forzel (1.75)

is satisfied in a weak sense, in particular, in the sense of [/ ~1/2(I")]3. Since the
hypersingular boundary integral operator plame Lag the non-trivial kernel
of the rigid body motions, we have to consider the boundary integral equation
(1.75) in suitable subspaces. To this end, we define

H712/2(F) = {y e [HY2(N)]? : (w,0)r =0 forallye ’R} .
Then the variational problem of the boundary integral equation (1.75) is to
find u € H712/2(F) such that

1

<DLameQ’Q>F = <<§I_ (KLame)/)QvQ>F (1.76)

is satisfied for all v € H712/ 2(F ). The general solution of the hypersingular
boundary integral equation (1.75) is then given by
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6

Uy (x) = a(z) + ) cruy(e),

k=1

where the vectors v, , k = 1,...,6 build a basis in the space of rigid body
motions (cf. (1.63)). To fix the constants cj, we may require the scaling con-
ditions
[ (@)t ds, = o (L77)
r

for k=1,...,6, where the a, € R can be arbitrary, but prescribed.

Instead of solving the variational problem (1.76) in the subspace H ()
and finding the unique solution afterwards from the scaling conditions (1 ),
one can formulate an extended variational problem to find @, € [H'/?(I"))?
such that

<DLameu v>F + 26: <@a,ﬂk>F<y, Qk>[’ = (1.78)
, 6
< (%I — (KLame) )Q,Q>F + ’;ak<g7gk>r

is satisfied for all v € [H'/2(I')]3. The extended variational problem (1.78) is
uniquely solvable for any given g € [H~ V2. It g satisfies the solvability
conditions (1.74), then @,, is the unique solution of the hypersingular boundary
integral equation (1.75) satlsfylng the scaling conditions (1.77).

1.2.3 Mixed Boundary Value Problem

Let £2 C R3 be simply connected. Then we consider the mixed boundary value
problem

)
—Z%aij(y,x)zo forx € (2,
g=1 "7
’y(l)ntui(x) =gi(xr) forzelp,, (1.79)
ZU” (u,z)n;(z) = fi(z) forxeln,,

and for i = 1,2,3. We assume that
F:TN’Z'UTDJ, FNJ-OFD,Z-:Q, meaSFD,i>0
for ¢ = 1,2, 3 is satisfied.

Using the Somigliana identity (1.65), the solution of the mixed boundary
value problem (1.79) is given by the representation formula
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-y [ #@itep)ds, - 3 [ s@0u e s, +

= 1FN1 i:lF
Z / mt_ 2)Upi(w,y)dsy — Z / M u; 71nthe) (2,y)dsy

for z € 2 and for £ = 1,2, 3. Hence, we have to find the yet unknown Cauchy
data (v1%y); on I'p,; and ity on I'n,.

The symmetric formulation of boundary integral equations is based on the
use of the first kind boundary integral equation (1.68) for those components,

where the boundary displacement 'y(l)nt u; = g; is given, while the hypersingular

boundary integral equation (1.69) is used when the boundary stress (yi%w); =

fi is prescribed. B
Let g; € HY?(I') and f; € H~Y2(I') be some arbitrary but fixed ex-
tensions of the given boundary data g; € HY/2(I'p;) and f; € H=Y?(I'y;),
respectively. Then, we have to find
) mt o~ f]l/Q In s g int 7 j_j—l/Q I
=% —9gi € (I'ni), =(n wi—fi€ (I'p,i)
satisfying a system of boundary integral equations,

(VLame’f)i(x) . (KLameg)i(x) _

S0:(0) + (K1) () — (VEame ) z)

for x € I'p ;, and

(DLameﬁ)i(x) + ((KLame)/i) | (x) _

(2

lfz( ) — (KLame f) DLameA)( )

for x € I'v;, and for ¢ = 1,2, 3. The associated variational problem is to find

3 3
(L) € Hﬁfl/Z(FD,z‘) X Hﬁl/Q(FN,i)

i=1 i=1

such that
a(t,u; w,v) = F(w,v) (1.80)

is satisfied for all
3 3
(wv) € [[E*(Ips) x [[HY*(Ins)
i=1 i=1

with the bilinear form
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a(t,u; w,v) =
i L ° L
yamey iawi> - < KHamey i,wi> +
;<< D), = (D)

M

Z?): <%‘“ (KLamey)i>F + <(DLame~)“ Uz>

i=1 N,i i=1 I'n;
and with the linear form
Fw,v) =
3 /1 N
> (§<gi,wi> +((meg) ) = (VIR ) ) +
P I'p,i I'p,i I'p,i
3. /1 N
Z (2<fivvi> - <fi7 (KLamey)i> - <(DLame§)i,vi> ) :
=1 I'ni I'n; I'ni
Since the bilinear form a(-,-; -,-) is skew—symmetric, the unique solvability

of the variational problem (1.80) follows from the mapping properties of all
boundary integral operators involved.

In the mixed boundary value problem (1.79), different boundary conditions
in the cartesian coordinate system are prescribed. In many practical applica-
tions, however, boundary conditions are given with respect to some different
orthogonal coordinate system. As an example, we consider the mixed bound-
ary value problem

—Zaxja”um =0 forxe R, 1=1,2,3

(viMu(x), n(z)) = g(x) forz € I, (1.81)

’Yint_( ) — (’Y%nt!(fv),ﬂ(I))ﬂ(l’) =0 forxz eI

An elastic body, which is modelled by the mixed boundary value problem
(1.81), can slide in tangential direction while in the normal direction a dis-
placement is given. Note that the boundary value problem (1.81) may arise
when considering a linearisation of nonlinear contact (Signorini) boundary
conditions.

Using the Dirichlet to Neumann map (1.71), it remains to find the bound-
int, and the boundary stresses 72ty satisfying

ary displacements v
Nu(e) = (SHMy M u(e) forz el

as well as the boundary conditions

(). n(2) = gla), () ~ (Pu(). n(@)n() = 0 forze I
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Using

Wibu(z) = glz)n(z) + up(z),

we have to find a tangential displacement field
Up € H;«/Z(F) = {y e [HY2(D)P? : (v(z),n(z)) =0 forze F}
as a solution of the boundary integral equation

(SYCgn) (2) + (SHMCur) (2) — (N u(w), n(z))n() = 0 forz € I

For a test function v, € H%/ 2(F ), we then obtain the variational problem

< SLame < SLame

QT72T>F = - gﬂ,QT>Fa

which is uniquely solvable due to the mapping properties of the Steklov—
Poincaré operator. Note that one may also consider mixed boundary value
problems with sliding boundary conditions only on a part I's, but standard
Dirichlet or Neumann boundary conditions elsewhere. However, to ensure
uniqueness, one needs to assume Dirichlet boundary conditions somewhere
for each component.

1.3 Stokes System

The Stokes problem is to find a velocity field u € R? and a pressure p such
that
—oAu(x) + Vp(x) = 0, divu(z) =0 forxze (1.82)

is satisfied, where g is the viscosity of the fluid. Note that the Stokes system
(1.82) also arises in the limiting case when considering the Navier system

—pAu(x) — (A + p)graddivu(z) = 0 forz e 2
for incompressible materials. Introducing the pressure

p(x) = —(A+ p)divu(z) forz € 2,

we get
—pAu(z) +Vp(z) =0 forze 2,
as well as
divu(z) = ———p(x) = —=(1+v)(1 - 2)p(x) = 0
ivu(z) = )\+upx— 7 v Vp(z) =

in the incompressible case v = 1/2.
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Using integration by parts, we obtain from the second equation in (1.82)
the compatibility condition

0= [divudy = [ (uly).nw) ds,. (1.83)

2 r

Green'’s first formula for the Stokes system (1.82) reads

ofu0) = ! g (~eaut + aimw) w(y)dy (1.84)
+ [ po)divet) / g Jui(u)ds,

]

with the symmetric bilinear form

3
alwr) = 20 [ 3 e p)es(w o)y~ [ divay)divat)dy
n =l o}

and with the associated boundary stress

ti(u(y), p(y)) = —p(y)ni(y) + 292&7(% yini(y), yel,i=12,3.

From Green’s first formula (1.84), we now derive Green’s second formula which
reads for the solution (u,p) of (1.82) as

/Z( oy aai <>>u«< )iy [ st oty
2
3
/Zt Nwi(y)ds, — F/z_;t i (y)ds,.

Choosing as test functions a pair of fundamental solutions Ujy(x,y) and
q; (x,y), i.e. satisfying

Z Z (—QAU;xx,y) "

we obtain a representation formula for x € 2

Z *(x,y)> ui(y)dy = we(z), divUj(z,y) = 0,

3 3
ug(x) = /Ztk(u,p)%(w,y)dsy—/Ztk(QE(x7y),qZ)Uk(y)d8y

A k=1 T k=1
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for £ =1,2,3. The fundamental solution of the Stokes system is given by

11/ 6 (zr — yr)(ze — yr)
Uieley) = 525 <z—y T e

(1.85)

for k,¢ =1,2,3, and

1 ye—my
dr o —y[?

a(z,y) =

for £ = 1,2,3. Note that the fundamental solution (1.85) coincides with the

Kelvin tensor (1.66) for

1 E

20 ¢T3

Hence, we can define and analyse all the boundary integral operators and re-
lated boundary integral equations as for the system of linear elastostatics. The
only exception is the Dirichlet boundary value problem of the Stokes system
which requires a special treatment of the associated single layer potential.

As in linear elastostatics the single layer potential of the Stokes system is

given by
3
Stokes _ 1
% W = 20 < Vwy)(x) + Z View)( )

for £k =1,2,3. As before,

UV =

VStOkeS . [H71/2(F)]3 N [HI(Q)]S

defines a continuous map. Combining this with the mapping properties of the
interior trace operator

)

mt . Hl(Q) - H1/2(F)
we can define the continuous boundary integral operator
VStokes _ ,y(l)ntVStokes : [H_1/2(F)]3 N [H1/2(F)]3

allowing the representation

3

11

(VStOkeSw)k =3 , ( (Vawy,)(x) + Z (Vieewe)( > forzel,
=1

and for k£ = 1,2, 3 as a weakly singular surface integral; see also Lemma 1.15.
When considering the interior Dirichlet boundary value problem for the
Stokes system
—oAu(x) + Vp(z) = 0 for z € £2,
div u(z) =0 for z € {2, (1.86)
Wtu(z) = g(x)  forz e,
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and using (1.83), we first have to assume the solvability condition

/ (9(v), n(y)) ds, = 0. (1.87)

r

On the other hand, it is obvious, that the pressure p satisfying the first equa-
tion in (1.86) is only unique up to an additive constant. In particular, the
homogeneous Dirichlet boundary value problem

—oAu(x) + Vp(x) =0, divu(r) = 0forz € 2, u(z) =0forx e I

has the non—trivial pair of solutions u*(z) = 0 and p*(x) = —1 for « € (2.
The first kind boundary integral equation of the direct approach for the
Dirichlet boundary value problem (1.86) is

(VStokesyy ) — g(z) + (KStokeSg)(x) forz eI (1.88)

1
2
For the homogeneous Dirichlet boundary value problem with g = 0, we there-

fore obtain _
(VStOkesf‘)(z) =0 forzel

with

t"(u* (z),p*(x)) = —p"(x)n(z) = n(z) forxel.
Thus, t* = n is an eigenfunction of the single layer potential VSt0Kes vielding
a zero eigenvalue. Therefore, we conclude that the boundary integral equa-

tion (1.88) is only solvable modulo ¢t*, and we have to consider the boundary
integral equation (1.88) in an appropriate factor space [90]. Hence, we define

3
() = {we [HVADP : (wn)yy = Y (Vg ni)r = 0} )

k=1
where
V. HY2(I) — HY*(I)

is the single layer potential of the Laplace operator. Considering the boundary

integral equation (1.88) in H,.<_1/2(F)7 this can be rewritten as an extended
variational problem to find t € [H~/2(I")]® such that

(oot +(um) (w), = {51+ K%+ )a), (50

is satisfied for all w € [H~/2(I")]3. Note that there exists a unique solution
t € [H-Y2(I"))? of the extended variational problem (1.89) for any given
Dirichlet datum g € [HY2(1))3. 1f g satisfies the solvability condition (1.87),

we then obtain ¢ € H*_l/Q(F).
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1.4 Helmholtz Equation

Let U : Ry x £2 — R be a scalar function which satisfies the wave equation

1 02
SppU(te) = AU(ta) fort>0, ze Q. (1.90)

The equation (1.90) is valid for the wave propagation in a homogeneous,

isotrop, friction-free medium having the constant speed of sound ¢. The most

important examples are the acoustic scattering and the sound radiation.
The time harmonic acoustic waves are of the form

U(t,z) = Re (u(z)e "), (1.91)

where ¢ is the imaginary unit. In (1.91), v : 2 — C is a scalar, complex
valued function and w > 0 denotes the frequency. Inserting (1.91) into the
wave equation (1.90), we obtain the reduced wave equation or the Helmholtz
equation

—Au(z) — K*u(z) = 0 forx € 2, (1.92)

where k = w/c¢ > 0 is the wave number.

First we consider the Helmholtz equation (1.92) in a bounded domain
2 C R3. Multiplying this equation (1.92) with a test function v, integrating
over {2, and applying integration by parts, this gives Green’s first formula

/ (—Duly) — K2u(y))o(y)dy = a(u,v) — / A ()i (y)ds,  (1.93)
N I

with the symmetric bilinear form

a(u,v) = / (Vuly), Vo)) dy — 2 / u(y)v(y)dy.

[0} [0}

From Green’s formula (1.93) and by the use of the symmetry of the bilinear
form a(-,-), we deduce Green’s second formula,

/ (—Au(y) — *u(y))v(y)dy + / A0y )it (y)ds, =
2 r

[ 20w~ etyutidy+ [ ownitatds,
o r
Now, choosing as a test function v a fundamental solution v} : R? x R?* — C

satisfying

/ ( — Aul(z,y) — fizu:(a:,y)> u(y)dy = u(z) forz € 12, (1.94)
2
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the solution of the Helmholtz equation (1.92) is given by the representation
formula

u(r) = /u:(az,y)'ﬁn y)ds, — /’yin; “(z,v) '70 u( )ds, (1.95)
r r
for x € £2. The fundamental solution of the Helmholtz equation (1.92) is

1 erelo—yl

ui(z,y) = for z,y € R3. (1.96)

ar |z —y|
As for the Laplace operator, we consider the single layer potential

Y etklz—yl
Tew)e) = [wiemutis, = = [
r

w(y)ds, forz e 2

which defines a continuous map from a given density function w on the bound-
ary I" to a function Viw, which satisfies the partial differential equation (1.92)
in (2. In particular, B

V. : HY*(I') - H'()

is continuous and Vyw € H 1(£2) is a weak solution of the Helmholtz equation
(1.92) for any w € H~'/2(I"). Using the mapping properties of the interior
trace operators )
2 H (@) — HY(T)
and
mt HI(Q A—‘rl{ ) H—I/Q(F)7

we can define corresponding boundary integral operators, e.g. the single layer
potential operator

Vi =0V, : H-Y2(I') — HY*(I),

as follows:

evrlz—yl
Veol(a) = [wieps, = 7= [T
r

w(y)ds, forxel.

Its conormal derivative is
Aty — 7I+K’ c HY2(I) — H-Y2(I)

with the adjoint double layer potential operator

(Ka)w) =t [ s,

e—0
yel|ly—z|>e

1 etrlz—yl
= lim — Vyp—, ds,.
im / ( iz —y] Q(z))w(y) Sy
yel|y—z|>e
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Note that
HY(2,A+ K% = {v e H'(Q) : Av+r2ve Ef—l(g)} .

Since the density functions of the boundary integral operators introduced
above may be complex valued, we consider

o) = [ oaotds,

as an appropriate duality pairing for v € HY?(I') and w € H~'/?(I"). Then
the single layer potential operator is complex symmetric, i.e. the following
property holds for w, z € H=/2(I')

el
// oyl " ()dsy2(z)ds,

1 ey pery
= 4—/w(y)/ ———2z(x)dsz dsy = (w,V_.2)r.
7r
T r

|z —yl

<Vnw7 Z>F

If I' is a Lipschitz boundary, the operator
Vi—Vo : HYXI') —» HY*(I)

is compact. Since the single layer potential Vj of the Laplace operator is
H~'/2(I")-elliptic (see Lemma 1.1), the single layer potential Vj is coercive,
i.e. with the compact operator C = Vj — Vj;, the Garding’s inequality

(Vi + Cyw,whr = (Vow,w)p > el |wl2-/apy (L97)

is satisfied for all w € H=/2(I).
Next we consider the double layer potential

(Wa)e) = [t s, = = [ (5 ) owas,

r

for z € {2, which again defines a continuous map from a given density function
v on the boundary I' to a function W, v satisfying the Helmholtz equation
(1.92). In particular,

W, : HY*(I') — H'(2)

is continuous and W,v € H!(£2) is a weak solution of the Helmholtz equation
(1.92) for any v € HY/?(I"). Using the mapping properties of the interior trace
operator

lnt . HI(Q) N H1/2(F)
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and
U HY (2, A+ k) — HY(ID),

we can define corresponding boundary integral operators, i.e. the trace
1
yintyy = —5 1+ K

with the double layer potential operator

1 e p—
(Kxv)(z) = lim — / (Vyﬁ,ﬂ(y))v(y)dsy forx eI
yel|ly—z|>e

As for the single layer potential, we have
(Kov,w)p = (v, K", w)r

for all v € HY2(I") and w € H-Y/?(T").
The conormal derivative of the double layer potential defines the hyper-
singular boundary integral operator

D — _,ylHtW H1/2( ) N H_l/Q(F).
For a Lipschitz boundary I', the operator
D, — Do : HY*(I') - H™Y*(I")

is compact. Since the regularised hypersingular boundary integral operator
Dy + I of the Laplace operator is H'/ 2(I")-elliptic, and since the embedding
H'Y2(I') — H~'/2(I") is compact, the hypersingular boundary integral oper-
ator D,, is coercive, i.e. with the compact operator C = D, — Dy — I, the
Garding’s inequality

(D + Co,0)r = (Do + Dv,0)r > e [0]212 (1.98)

is satisfied for all v € HY/2(T).

As for the bilinear form for the hypersingular boundary integral operator
for the Laplace equation (see (1.9)), there holds an analogue result for the
Helmholtz equation, see [78]:

[Da@pe)ds, = o / / ), usl () dsy ds,

z—yl
I

7.11\m y|
47r//| y)v(x)(n(x),n(y))dsyds, . (1.99)

-yl "

In addition to the interior boundary value problem for the Helmholtz equation
(1.92), we also consider the exterior boundary value problem
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—Au(z) — k*u(z) = 0 forx € N° =R\, (1.100)

where we have to add the Sommerfeld radiation condition

‘(%,Vu(m)) Caru(e)| = O (#) as || — oo. (1.101)

For a fixed yg € 2 and R > 2diam {2, let Br(yo) be a ball of radius R with
centre yo and including (2. Let u be a solution of the exterior boundary value
problem for the Helmholtz equation (1.100) satisfying the radiation condition
(1.101). Considering Green’s first formula (1.93) with respect to the bounded
domain 2 = Br(yo)\{2 and choosing v = 7 as test function, we obtain

/|Vu )2y — kz/\u / 1ntu(y)’y(i)ntu(y)dsy

ONr
- / B () 3y s, — / A () ds,
OBRr(yo) r

when taking into account the opposite direction of the normal vector n(z) for
x € I'. Since the left hand side of the above equation is real, we conclude

Im / mt mt y)ds, = Im / exty, eXt u(y)ds, .
6BR (’L/o
By the use of this property, the Sommerfeld radiation condition (1.101) implies

0= lim /
R—oo

9BRr(yo)

int

(y) — v ryiitu (y)rdsy

Jlim. / i u(y) 2ds, + 52 / i (y) [2ds,
OBRr(yo) OBRr(yo)

t
—2/<;Im/ in mt u(y)ds,
O0Br(yo)

lim / 1y (y) [2ds,, + K2 / [yt (y) |2 ds,

R—o0
9Br(yo) 9Br(yo)
—lem/ exty, EXt u(y)ds,

and, therefore,
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2/£Im/ oxty, ext u(y)ds,

= 11m /|’ylnt (y)|?ds, + K* /|’ylnt (y)|?ds, | > 0.
9Br(yo) 9Br(yo)

In particular, this gives

tm [ Juw)Pds, = 0(),

R—o0
9Br(yo)

and, therefore,

()| = O (é) as |7] — o, (1.102)

For the bounded domain {25, we can apply the representation formula (1.95)
to obtain

M@:f/ @me(M%+/%%:@wﬁ“(m%

I I
+ / wh(z, y)n™u(y)ds, — / A (2, y)iu(y ) ds,
OBRr(yo) OBRr(yo)

for x € 2i. Taking the limit R — oo and incorporating the radiation condi-
tions (1.101) and (1.102), this gives the representation formula in the exterior
domain {2¢, i.e. for x € 2¢

u(x) = —/ = (2, )V u(y )d8y+/vinyt £z, y)viu(y)ds,.  (1.103)
r r

1.4.1 Interior Dirichlet Boundary Value Problem

We first consider the interior Dirichlet boundary value problem for the Helm-
holtz equation, i.e.

—Au(z) — K*u(z) = 0 forx € 02, ’y(l)ntu( ) = g(x) forx e I'.(1.104)

Using the representation formula (1.95), the solution of the above Dirichlet
boundary value problem is given by

u(z) = /u:($7y)t(y)dsy —/’Yinyt “(z,y)9(y)ds, forax € 12,
r r

where t = W}Htu is the unknown conormal derivative of v on I" which has to
be determined from some appropriate boundary integral equation.



50 1 Boundary Integral Equations
Applying the interior trace operator y(i)nt to the representation formula,
this gives a boundary integral equation to find t € H—1/ 2(I') such that

1
(Vit)(z) = 59(95) + (Keg)(x) forzel. (1.105)
Note that t € H=1/2(I") is the solution of the variational problem

1
(Vt,w) = <(5I+ Ki)g,w) forallwe H-V3(r).  (1.106)
r r
When applying the interior normal derivative W}Dt to the representation for-

mula, this gives a second kind boundary integral equation to find ¢t € H~/2(I)
such that

%t(z) — (K't)(z) = (Dng)(z) forz el (1.107)

To investigate the unique solvability of the variational problem (1.106), and,
therefore, of the boundary integral equation (1.105) as well as of the boundary
integral equation (1.107), we first consider the Dirichlet eigenvalue problem
for the Laplace operator,

—Au(x) = du(z) forx € (2, 'y(i)ntu(x) =0 forzel (1.108)

Let A € Ry be a certain eigenvalue, and let uy be the corresponding eigen-
function. Since the eigenvalue problem (1.108) can be seen as the Helmholtz
equation with the wave number s satisfying k2 = ), we obtain for the conor-

mal derivative t) = ’yintu » the boundary integral equations

1 - .
(Vitx)(z) = E'yému)\(:c) + (KK’yéntuA)(ac) =0 forzerl

and )
Et)‘(m) — (KLtx)(z) = (DeryiBup)(z) = 0 forz e I
Thus, the boundary integral operators V,; and 1/21 — K|, are singular, and,
therefore, not invertible, if x? = X is an eigenvalue of the Dirichlet eigenvalue
problem (1.108). On the other hand, if 52 is not an eigenvalue of the Dirichlet
eigenvalue problem (1.108), the single layer potential V; is injective and hence,
since Vj; is coercive, also invertible. This shows the unique solvability of the
variational problem (1.106) and of the boundary integral equation (1.105)
in this case. Note that also in this case the second kind boundary integral
equation (1.107) is uniquely solvable.

1.4.2 Interior Neumann Boundary Value Problem

Next we consider the interior Neumann boundary value problem for the Helm-
holtz equation, i.e.
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—Au(z) — K2u(z) =0 forze 2, ~y™Mu(z) = g(z) forxz e I'.(1.109)

From the representation formula (1.95), we can obtain the solution of the
above boundary value problem as

u<>f/ (2, y)g(y)ds, — /71“;: ) u(y)ds, forz € 2.
I

Applying the interior trace operator Wmt to the above representation formula,
this gives a first boundary integral equation to find o = ’y(l)ntu e HY 2(I') such

that )
§ﬂ(x) + (Kpu)(z) = (Veg)(z) forz el (1.110)

When applying the conormal derivative operator fymt to the above represen-
tation formula, this gives a second boundary integral equation,

1
(Dyu)(z) = 59(;10) —(K.g)(z) forzel. (1.111)
Hence, 4 € H'/?(I") is a solution of the variational problem
— _ l _ ! 1/2
<Dnu,v>F = <(21 Kn)g,v>r for allv € H/*(I"). (1.112)

To investigate the unique solvability of the variational problem (1.112), and,
therefore, of the boundary integral equations (1.110) and (1.111), we now
consider the Neumann eigenvalue problem for the Laplace operator,

—Au(z) = pu(z) forz e 2, ~+™ux) =0 forxel. (1.113)

Let ¢ € Ry be a certain eigenvalue, and let u, be the corresponding eigen-
function. Since the eigenvalue problem (1.113) can be seen as the Helmholtz
equation with the wave number r satisfying x? = pu, we then obtain the
boundary integral equations

(D) (@) = 5 (o) = (K™} () = 0 fora e T

and

%ﬂu(a:) b (Koti)(2) = (Vey™u,)(2) =0 forzel.

Thus, the boundary integral operators D, and 1/21 4+ K, are singular and,
therefore, not invertible if K2 = p is an eigenvalue of the Neumann eigenvalue
problem (1.113). On the other hand, if x? is not an eigenvalue for the Neumann
eigenvalue problem (1.113), the hypersingular boundary integral operator D,
is injective and coercive, and, therefore, invertible.
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1.4.3 Exterior Dirichlet Boundary Value Problem

The exterior Dirichlet boundary value problem for the Helmholtz equation
reads

—Au(z) — k2u(z) =0 forze 2° A&%(z) = g(z) forz e I (1.114)
where, in addition, we have to require the Sommerfeld radiation condition
(1.101),

(5 vu@) —vmta)| = 0 () sl
—,Vu(z) ) —iru(z)| = — as |z| — oo.
|z| |z[?
Note that the exterior Dirichlet boundary value problem is uniquely solvable

due to the radiation condition. The solution of the above problem is given by
the representation formula (1.103),

u(z) = — / () bu(y)ds, + / b2 (2, )9 (y)ds,  for z € Q°
I I

To find the yet unknown Neumann datum t = vatu, we consider the bound-

ary integral equation which results from the representation formula when ap-

plying the exterior trace operator 75Xt

(Vat) () = f%g(x)Jr(K,ig)(a:) forz el (1.115)

This boundary integral equation is equivalent to a variational problem to find
t € H='/2(I") such that

1

<V,{t,w> = <(—§I+K,€)g7w> for all w € H=Y2(I"). (1.116)
r r

Since the single layer potential V; of the exterior Dirichlet boundary value

problem coincides with the single layer potential of the interior Dirichlet

boundary value problem, Vj is not invertible when 2 = X is an eigenvalue of

the Dirichlet eigenvalue problem (1.108). However, we have

1 1
) K,Q) ,t> =—<,(—I—K’_ )t> —0,
<( 2 + g A g 2 “) A

and, therefore,
1
(— §I+Kﬁ)g cImV,.
In fact, the variational problem (1.116) of the direct approach is solvable, but
the solution is not unique. As for the Neumann problem (1.21) for the Laplace

equation, we can use a stabilised variational formulation to obtain a unique
solution t € H~1/2 (I') satisfying some prescribed side condition, e.g.,

(Vot,ta)r = 0,
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where Vy : H-Y/2(I") — H'Y?(I") is the single layer potential operator of the
Laplace equation. Instead of the variational problem (1.116), we then have
to find the function ¢+ € H~/2(I') as the unique solution of the stabilised
variational problem

<Vﬁt’w>r + <V0t’t/\>r<vbw’t)‘>r - <( B %] + K,.;)g,w>F

forallw € H-Y2(I" ). Since this formulation requires the a priori knowledge of
the eigensolution ty, this approach does not seem to be applicable in general.
If k2 is not an eigenvalue of the interior Dirichlet eigenvalue problem
(1.108), then the unique solvability of the boundary integral equation (1.115)
follows, since Vj is coercive and injective.
Instead of a direct approach, we may also consider an indirect single layer
potential approach,

u(z) = (Vow)(z) = /u:(x,y)w(y)dsy for x € 02°.
T

Then, applying the exterior trace operator, this leads to a boundary integral
equation to find w € H~/2(I") such that

(Vew)(x) = g(x) forxzel. (1.117)

Again, we have unique solvability of the boundary integral equation (1.117)
only for those wave numbers k2, which are not eigenvalues of the interior
Dirichlet eigenvalue problem (1.108).

When using an indirect double layer potential approach,

u(w) = Wo)o) = [2P5uile,)ot)ds, fora e 2
r

this leads to a boundary integral equation to find v € H'/ 2(I') such that

%v(w) + (Kxv)(z) = g(x) forxzel. (1.118)

The boundary integral operator 1/21 + K, is singular, and, therefore, not
invertible when x? is an eigenvalue of the interior Neumann boundary value
problem (1.113). If x2 is not an eigenvalue of the interior Neumann eigen-
value problem (1.113), the unique solvability of the boundary integral equa-
tion (1.118) follows.

Although the exterior Dirichlet boundary value problem for the Helmholtz
equation is uniquely solvable, the related boundary integral equations may not
be solvable, in particular, when 2 either coincides with an eigenvalue of the
interior Dirichlet boundary value problem or with an eigenvalue of the interior
Neumann boundary value problem. However, in any case at least one of the
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boundary integral equations (1.117) or (1.118) is uniquely solvable since x? can

not be an eigenvalue of both the interior Dirichlet and the interior Neumann
boundary value problem. Thus, we may combine both, the indirect single and
double layer potential formulations to derive a boundary integral equation,
which is uniquely solvable for arbitrary wave numbers. This leads to the well
known Brakhage—Werner formulation (see [13])

w(z) = (Wew)(z) +2n(Vew)(z) for z € 2°,

which leads to the boundary integral equation

%w(x) + (Kyw)(z) +en(Viow)(x) = g(x) forxzel. (1.119)
Here, n € R is some real parameter. Note that this equation is usually con-
sidered in the Lo(I") sense. The numerical analysis to investigate the unique
solvability of the combined boundary integral equation (1.119) is based on
the coercivity of the underlying boundary integral operator, and, therefore,
on some compactness argument. In general, this may require more regularity
assumptions for the boundary surface under consideration (cf. [23]). Instead
of considering the boundary integral equation (1.119) in Ly(I"), one may for-
mulate some modified boundary integral equations to be considered in the
energy spaces H'/?(I") or H=/2(I"), see [17, 18].

1.4.4 Exterior Neumann Boundary Value Problem
Finally, we consider the exterior Neumann boundary value problem
—Au(z) — k*u(z) = 0 forx € 0°, 'y'intu(x) = g(xz) forx eI, (1.120)

where we have to require the Sommerfeld radiation condition (1.101),

1
= O(x—P) as |z| — 0.

Due to the radiation condition, the exterior Neumann boundary value problem
is uniquely solvable. The solution of the above boundary value problem is given
by the representation formula (1.103),

‘(i,Vu(x)> — vku(z)

||

u(z) = / wt(2,9)g(y)ds, + / A (2, )y tu(y)ds,  for z € 02°.
I I

To find the yet unknown Dirichlet datum w = 78Xtu, we consider the boundary

integral equation which results from the representation formula when applying

the exterior conormal derivative 4$Xt,

(D) () = —%g(m) —(Klg)(x) forzel. (1.121)
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This hypersingular boundary integral equation is equivalent to the variational
problem to find @ € H'/2(I") such that

<D,{ﬂ,v>r = —<(%I + K;)g7v>F for allv € HY/2(I'). (1.122)

Since the hypersingular boundary integral operator D, of the exterior Neu-
mann boundary value problem coincides with the operator which is related
to the interior Neumann boundary value problem, D, is not invertible when
k? = u is an eigenvalue of the interior Neumann eigenvalue problem (1.113).

However, we have

<(%I+K;>g,uA>F = <g, (%I+K7K)U>\>F =0,

and, therefore,

1
(§I+ K,g)g € Im D,.

In fact, the variational problem (1.122) of the direct approach is solvable,
but the solution is not unique. Again, one can formulate a suitable stabilised
variational problem; we skip the details.

If k2 is not an eigenvalue of the Neumann eigenvalue problem (1.113), then
the unique solvability of the variational problem (1.122) follows, since D, is
coercive and injective.

When applying the exterior trace operator ’ngt to the representation for-
mula, this gives a second kind boundary integral equation to be solved,

—%u(x)+(Kﬁﬂ)(x) — (Vig)(z) forz el (1.123)

If k2 = p is an eigenvalue of the Dirichlet eigenvalue problem (1.108), the

operator

1
51— K', : HY*I)— HY2(I)

is singular and, therefore, not invertible. Then, the adjoint operator

1
ol — K HY(I') — HY*(I')
is also not invertible.

As for the exterior Dirichlet boundary value problem, one may formulate
a combined boundary integral equation in Ly (I"), i.e., a linear combination of
the boundary integral equations (1.121) and (1.123) gives (cf. [19])

50 + (KLm)(a) +10(D,m)) = (Vi) o) = o ( 30la) + (L)) )

for x € I', which is uniquely solvable due to the coercivity of the underly-
ing boundary integral operators when assuming sufficient smoothness of the
boundary I
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1.5 Bibliographic Remarks

The history of using surface potentials to describe solutions of partial differen-
tial equations goes back to the middle of the 19th century. Already C. F. Gauf}
[33, 34] proposed to solve the Dirichlet boundary value problem for the Laplace
equation in a sufficiently smoothly bounded domain by using an indirect dou-
ble layer potential. To find the yet unknown density function, a second kind
boundary integral equation has to be solved. C. Neumann [80] applied a series
representation to construct this solution, and he showed the convergence, i.e.
a contraction property, when the domain is convex. These results were then
extended by several authors, see also the discussion in [108], where the solv-
ability of second kind boundary integral equations was considered for domains
with non—smooth boundaries. This proof is based on different representations
of the boundary integral operators which follow from the Calderon projection
property. In particular, the symmetry of the double layer potential, with re-
spect to an inner product induced by the single layer potential, was already
observed for a simple model problem by J. Plemelj [88]. A different view on the
historical development of those results was given recently in [25]. For a general
review on the history of boundary integral and boundary element methods,
see, for example, [22].

For a long time, direct and indirect boundary integral formulations have
been a standard approach to describe solutions of partial differential equations
in mathematical physics, see, for example, [29, 55, 59, 61, 62, 70, 72, 74, 91].

While second kind boundary integral equation methods [6] resulting from
an indirect approach have a long tradition in both the analysis and numerical
treatment of boundary value problems [81, 82], direct formulations and first
kind boundary integral equation methods became more popular in the last
decades. This is mainly due to the rigorous mathematical analysis of boundary
integral formulations and related numerical approximation schemes, which is
available for first kind equations in the setting of energy spaces. First results
were obtained simultaneously by J. C. Nédélec and J. Planchard [79] and by
G. C. Hsiao and W. L. Wendland [57]. More general results on the mapping
properties of boundary integral operators in Sobolev spaces were later given
by M. Costabel and W. L. Wendland [24, 26], see also the monograph [71] by
W. McLean.

While for boundary value problems with pure Dirichlet or pure Neumann
boundary conditions one may use either first or second kind boundary in-
tegral equations, the situation becomes more complicated when considering
boundary value problems with mixed boundary conditions. Direct formula-
tions, which are based on the weakly singular boundary integral equation
only, then lead to systems combining boundary integral operators of both
the first and the second kind, see, e.g., [56]. Today, the symmetric formula-
tion of boundary integral equations [103] seems to be more popular, see also
[109, 114].
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Alternative representations of boundary integral operators are important
for both analytical and numerical considerations. In particular, by using in-
tegration by parts, the bilinear form of the hypersingular boundary integral
operator, which is the conormal derivative of the double layer potential, can
be transformed into a linear combination of weakly singular forms, see [77]
for the Laplace and for the Helmholtz operator. In fact, this also remains
true for the system of linear elastostatics [47]. Moreover, also the double layer
potential of linear elastostatics, which is defined as a Cauchy singular inte-
gral operator, can be written as a combination of weakly singular boundary
integral operators [62].

The use of boundary integral equation methods to describe solutions of
boundary value problems is essentially based on the knowledge of a funda-
mental solution of the underlying partial differential operator. In fact, a fun-
damental solution is a solution of the partial differential equation with a Dirac
impulse as the right hand side. While the existence of such a fundamental
solution can be ensured for a quite large class of partial differential opera-
tors, in particular for partial differential operators with constant coefficients
[30, 53, 73], the explicite construction can be a complicated task in general,
see for example [66, 85, 86]. For more general partial differential operators, i.e.
with variable coeflicients, the concept of a parametrix, also known as a Levi
function [73], was introduced by D. Hilbert [52]. A Levi function is a solution
of the partial differential equation where the right hand side is given by a
Dirac impulse and some more regular remainder. For example, such an ap-
proach was used in [89] to model shells by using a boundary—domain integral
method.



2

Boundary Element Methods

The numerical approximation of boundary integral equations leads to bound-
ary element methods in general. Since already the formulation of boundary
integral equations is not unique, the choice of an appropriate discretisation
scheme gives even more variety. The most common approximation methods
are the Collocation scheme and the Galerkin method. In this chapter we first
introduce boundary element spaces of piecewise constant piecewise linear basis
functions. Then we describe some discretisation methods for different bound-
ary integral formulations and we discuss the corresponding error estimates.

2.1 Boundary Elements

Let I' = 042 be the boundary of a Lipschitz domain 2 C R3. For N € N, we
consider a sequence of boundary element meshes

N
Iy =7 (2.1)
(=1

In the most simple case, we assume that I is piecewise polyhedral and that
each boundary element mesh (2.1) consists of N plane triangular boundary
elements 7, with mid points ;. Using the reference element

T={6eR?:0<E6 <], 0<&H<1—&),

the boundary element 7, = y(7) with nodes zy, for i = 1,2, 3 can be described
via the parametrisation

x(f) = Xf(g) = Ty +£1($g2 - xfl) +£2(1.43 - xfl) €T fOff €T

For the area A, of the boundary element 7y, we then obtain

Ay = /dsz = /\/EG—F2d§ = %\/EG—Fz,
Ty T
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where

3

d ? )
E= ; <a_€1xz(§)> = |.’E£2 - xfl' ’

3 a 2
6=3 (3—&@(@) P

F:iix(g)ix(g) = (20, — 0y, ey — T4,) -
1 861 ! 8£2 ' 2 193 1

Using Ay, we define the local mesh size of the boundary element 7, as
he = Ay ford=1,...,N
implying the global mesh sizes

h = hmax = max hy, hmin = min hy. (2.2)
1<e<N 1<e<N
The sequence of boundary element meshes (2.1) is called globally quasi uni-

form if the mesh ratio
h‘IIlaX

> Co
hmin

is uniformly bounded by a constant c; which is independent of N € N. Finally,
we introduce the element diameter

dy = sup |z —y.
T,YETy
We assume that all boundary elements 7, are uniformly shape regular, i.e.,
there exists a global constant ¢; independent of N such that
d¢ < cghpy foralll=1,...,N.

With
Tey,1 — Ty, 1 Tig,1 — Ttq,1
Jo = | o2 — 30,2 Ty 2 — we, 2 | €RV
Leg,3 — L41,3 Te3,3 — T41,3
and using the parametrisation 7, = x;(7), a function v defined on 7, can be
interpreted as a function v, with respect to the reference element 7,

v(x) = v(wy + &) = 0(§) forfer, x=xi(§).

Vice versa, a function v defined in the parameter domain 7 implies a function
vp on the boundary element 7,

(&) = v(xe, +Je&) = ve(zx) forfer, x=xif).

Hence, we can define boundary element basis functions on 7, by defining
associated shape functions on the reference element 7.
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2.2 Basis Functions

Piecewise Constant Basis Functions

The piecewise constant shape function

PO(&) =1 foréer

implies the piecewise constant basis functions on I’

o) = { 1 forx e 7y, (2.3)

0 elsewhere

for { =1,..., N, and, therefore, the global trial space

0 N g0
Sp(I) = span{ Wy }621, dim S, (I') = N.

Note that any wy, € SP(I") can be written as

N
wy =Y wehp € (), weeR foré=1,...,N.
=1

Moreover, a function wy, € S)(I') can be identified with the vector w € RY
defined by the components wy for £=1,..., N.

In what follows, we will consider the approximation property of the trial
space SY(I') C Lo(I). For this, we introduce the Lo projection of a given
function w € Lo(I'),

N
Quw = > wety € Sp(D),

=1

which minimises the error w — Qpw in the Lo(I")—norm,

2
Qrw = arg n}giglp) l|w — wh||2L2(F) = arg minm/ (w(x) - wh(x)) ds.

h h whes}cl(
Note that Qpw is the unique solution of the variational problem

/(Qhw)(:v)wk(x)dsm = /w(;zc)i/)k(x)dsz fork=1,...,N,

w(z)Yg(x)ds, fork=1,...,N.

g
—
s
O
<=
=
2
Y
»

8
|
S —
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Due to
Ay fork =1,

F/W(x)w’“(x)d% - { 0 fork#0

1
=

we obtain

wp /w(:c)dsw fort=1,...,N.

Te

From this explicit representation of wy, one can prove the error estimate, see
Appendix B.2,

N
lw = Quwlly,ry < Czh?S W] r,y < ch® |w|%{gw(1“) (2.4)
=1

for a sufficiently regular function w € Hyjy (1) and s € (0, 1]. The semi-norm
in (2.4) is defined as

w(z) —w(y)®
|w|quw) = / stzdsy for s € (0,1)
Te Te

and

Wiy = [ Vewla(@)Pde tors =1

z
From the above variational formulation, we conclude the Galerkin orthogo-
nality

/ (w(m) - (Qhw)(x))vh(x)dsz =0 forallv, € SH(I),

r
and, therefore, the trivial error estimate
[w = QnwllLyry < llwllLycr)-
Using a duality argument, we further obtain
S—0
|w = Qnwlaery < ch™ 7 wlus, (1)

for o € [-1,0] and s € [0, 1].
Summarising the above, we obtain the following approximation property
in SY(I).

Theorem 2.1. Let w € Hyp,,(I") for some s € [0,1]. Then there holds

inf w—w - < ch® 77 |w|ys 2.5
L=l € eB ol (2.5

for all o € [-1,0].

Moreover, the approximation property (2.5) remains valid for all o < s < 1
with o < 1/2.
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Piecewise Linear Discontinuous Basis Functions

With respect to the reference element 7, we may also define local polynomial
shape functions of higher order. In particular, we introduce the linear shape
functions

Pi€) =1-&—&, () =& ¥ =& fofer (26)
These shape functions imply globally discontinuous piecewise linear basis func-
tions
¥ () fora = xi(§) €,
Yei(r) =
0 elsewhere

for{=1,...,N,i=1,2,3, and, therefore, the global trial space

Sfll’_l(F) = span{ ’(/1411(.1’),wg)g(x),wz’:;(.’l?)};v X dimS}L’_l(F) = 3N.

Any function wy, € 5’11,71(11) can be written as

N 3
wp, = Zzwl,ﬂ/}z,i € 5;1[71(1—1)-

(=1 i=1

Moreover, a function wy, € S,}L’_l (I") can be identified with the vector w € R3V
which is defined by the coefficients wy; for i =1,2,3 and £ =1,..., N.

As for piecewise constant basis functions, we may also define the corre-
sponding Lo projection Qpw € S,}L’fl(f') C Lo(I),

N

3
Quw = > wpithei € Sy NI,

(=1 i=1
as the unique solution of the variational problem

/(Qhw)(x)wk,j(x)dsm _ /w(m)¢k7j(a:)dsx, 21,23 k=1, .N

r r

satisfying the error estimate
N
lw = Quwlli,ry < ¢ Zh;zl |w|2r,y < ch? \wﬁj{gw(r)
(=1
when assuming w € HSW(F ). Combining this with the trivial error estimate
lw = QnwllLyry < llwllzymy,

and using an interpolation argument, the final error estimate
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lw—Qrwllr,ry < ch® |w|Hf§w(F)

follows when assuming w € Hpy (I") for some s € [0,2]. Using again a duality
argument, we finally obtain

|lw— Qrw| ey < ch®™7 |w|H;W(F) (2.7)

for o € [-2,0] and s € [0,2].
Summarising the above, we obtain the approximation property in S flt’_l ().

Theorem 2.2. Let w € Hy,,(I") for some s € [0,2]. Then there holds

inf  lw—wpl[gery < P77 wlgs, () (2.8)
wi €Sy (D) '

for all o € [—2,0]. Moreover, the approzimation property (2.8) remains valid
forallo < s <2 witho < 1/2.

Piecewise Linear Continuous Basis Functions

Up to now, we have considered only globally discontinuous basis functions
which do not require any admissibility condition of the triangulation (2.1).
But such a condition is needed to define globally continuous basis functions.
Let {2;}}2, be the set of all nodes of the triangulation (2.1). A boundary
element mesh consisting of plane triangular elements is called admissible, if
the intersection of two neighboured elements 7, and 7y is just one common
edge or one common node. Then I(j) is the index set of all boundary elements
7 containing the node x; while J(¢) is the three-dimensional index set of the
nodes defining the triangular element 7.

For j =1,..., M, one can define globally continuous piecewise linear basis
functions ¢; with

1 for x = z;,
p;(x) = 0 for x = a; # x;,

piecewise linear  elsewhere.

Note that the restrictions of ¢; onto a boundary element 7 for k& € I(j) can
be represented by the linear shape functions wjl»k,

pj(r) = ;k (&) forz = xi(§) € 1. (2.9)
The basis functions ¢; are used to define the trial space

1 M gl
Sp(IM) = span{goj} X dim S;,(I") = M.

Jj=

The piecewise linear continuous Lg projection Qpw € S} (I') is then defined
as the unique solution of the variational problem
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/Qhw(x)goj(z)dsz = /w(x)goj(z)dsz forj=1,..., M.

T
Due to S}(I') € Sy~ (I') we immediately find the error estimate
lw = Quwllae(ry < ch® 7 Jwlgs, (r)

when assuming w € Hpy (I), 0 € [-2,0], s € [0,2].
Defining Pyu € S}(I') as the unique solution of the variational problem

(Phw,vp) i (ry = (w,vp)p  for all vy, € Si(I7)
we can show the error estimate
|w = Pawl|lgery < ch® 7 |lwlms, (r)

when assuming w € H}jy () and o € (0,1], s € [1,2].
Hence, we have the following result.

Theorem 2.3. Let v € Hp,, (") for some s € [1,2]. Then there holds

inf v—0 - < ch®7 7 |v|gs 2.10
o r) v =onllgery < V| s, (1) (2.10)

for all o € [-2,1]. Moreover, the approzimation property (2.10) remains valid
for all o < s <2 with 0 < 3/2.

2.3 Laplace Equation
2.3.1 Interior Dirichlet Boundary Value Problem
The solution of the interior Dirichlet boundary value problem (cf. (1.14))
—Au(z) =0 forze 2, ~Mu(z) = g(x) forzel
is given by the representation formula (cf. (1.6))
u(z) = /u*(x,y)t(y)dsy —/vi?gu*(x,y)g(y)dsy for x € (2,
T r

where the unknown Neumann datum ¢ = 'yilntu € H~Y/2(I') is the unique
solution of the boundary integral equation (cf. (1.15))

L [ pa)

Replacing t € H~1/ 2(I') by a piecewise constant approximation

g(y)ds, forxz eI
T

N
th = th Yo € Sp(D), (2.11)
=1

we have to find the unknown coefficient vector ¢ € RY from some appropriate
system of linear equations.
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Collocation Method

Inserting (2.11) into the boundary integral equation (1.15), and choosing the
boundary element mid points x}, as collocation nodes, we have to solve the
collocation equations

1 1 1 1 [ (2 —y,n(y))
— | ——ta(y)ds, = —g(a})+ — [ L= g 2.12
47TF/ P n(y)dsy = S9(xk) + 47TF/ EAE g(y)dsy,  (2.12)

for k=1,..., N, or using the definition (2.3) of the piecewise constant basis
functions vy,

N
1 1 1 L[ (= —y,n(y))
tg—/*ids = —g(z} —&——/k*i_(g(y ds
; dm | Jzp—y| Y 2 (z) 47rF |z} —y[3 Jdsy
Te

for k=1,...,N. With
1 1
Vilk, € :—/fds
[k, 4] | |xy — vyl Y
Te

for k,/=1,...,N, and

1 L[ (2 —y,n(y)
— * _ Nk IV NI d
fo=g9(@i) + / e 9(y)ds,
r
for kK =1,..., N, this results in a linear system of equations,
Vit = i

The stiffness matrix V}, of the collocation method is in general non—symmetric
and the stability of the collocation scheme (2.12) and therefore the invertibility
of the stiffness matrix V}, is still an open problem when I' is the boundary
of a general Lipschitz domain 2 C R®. When assuming the stability of the
collocation scheme (2.12), the quasi optimal error estimate, i.e., Cea’s lemma,

t—t - < ¢ inf t—w _
[ nla-12ry < s (1) [ wllg-1/2(r)

follows. Combining this with the approximation property (2.5) for o = —1/2,
we get the error estimate

[t = tnllg-1/2(ry < ch®t/? It () »
when assuming ¢ € Hpj (") for some s € [0,1]. Applying the Aubin-Nitsche

trick (for ¢ < —1/2) and an inverse inequality argument (for o € (—1/2,0]),
we also obtain the error estimate
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S§—0O
[t = tullaory < ch®7 |tas, () (2.13)

when assuming t € Hpy (I") for some s € [0,1], and o € [~1,0]. Note that the
lower bound o > —1 is due to the collocation approach, independently of the
degree of the used polynomial basis functions.

Inserting the computed solution ¢, into the representation formula (1.6),
this gives an approximate representation formula

i) = / u* (2, )t (y)dsy — / A (2, ) g () ds,

r r

for x € {2, describing an approximate solution of the Dirichlet boundary value
problem (1.14). Note that @ is harmonic, satisfying the Laplace equation, but
the Dirichlet boundary conditions are satisfied only approximately. For an
arbitrary x € {2, the error is given by

u(w) =) = [ (.0) (60~ ta(w)) dsy

Using a duality argument, the error estimate
lu(z) —a(z)] < [[u* (@, )a-o)llt = tallze )

for some o € R follows. Combining this with the error estimate (2.13) for the
minimal possible value ¢ = —1, we obtain the pointwise error estimate

u(@) = a(@)] < eh* ™ lu (@, )l g, o)

when assuming ¢ € Hyy(I") for some s € [0, 1]. Hence, if ¢ is sufficiently

smooth, i.e. t € HE)W(F ), we obtain as the optimal order of convergence for
s=1
u(z) —a(z)] < eh® u* (@, ) ta, o) - (2.14)

Note that the error estimate (2.14) involves the position of the observation
point z € (2. In particular, the error estimate (2.14) does not hold in the
limiting case x € I

Galerkin Method
The boundary integral equation (cf. (1.15))

1 / (z —y,n(y))

1 | .
477/ lz — | (y)ds, 29($)+47T e g(y)ds, foruz e
r T

is equivalent to the variational problem (1.16),
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1
<Vt,w> = <(—I+K)g,w> for allweH—l/z(F)7
r 2 r
and to the minimisation problem

F(t) = i F
0 = e T

with
Flw) = %<Vw,w>r B <(%I+ K)g,w>r.

Using a sequence of finite dimensional subspaces 52(F ) spanned by piecewise
constant basis functions, associated approximate solutions

N
th= Y tety € SH(I)
=1

are obtained from the minimisation problem

F(ty) = i F .
(tn) whg}el;?(r) (wn)

The solution ¢, € SY(I") of the above minimisation problem is defined via the
Galerkin equations

<Vth,1/)k>F _ <(%I+K)g,wk>F fork=1,...,N. (2.15)

With (2.11) and by using the definition (2.3) of the piecewise constant basis
functions vy, this is equivalent to

1
g tg—// dsyds, =
= A ) eyl
1 1 (x —y,n(y))
- dsy + — ds,ds;
2/9(@ i +47r// z—yl 9(u)dsyds
Th Te I

1 1

Tk Te

for k,£=1,...,N, and

fe= / )ds, + —// x;i ) o(y)ds, ds.

for k=1,..., N, we find the coefficient vector t € RV as the unique solution
of the linear system
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Vit = f. (2.16)

The Galerkin stiffness matrix V}, is symmetric and positive definite. Therefore,
one may use a conjugate gradient scheme for an iterative solution of the linear
system (2.16). Since the spectral condition number of V}, behaves like O(h~1),
ie.,

)\max (Vh) l
)\min (Vh) h ’

an appropriate preconditioning is sometimes needed. Moreover, since the stiff-
ness matrix Vj, is dense, fast boundary element methods are required to con-
struct more efficient algorithms, see Chapter 3.

From the H~/ 2(I")-ellipticity and the boundedness of the single layer
potential

ka(Vi) = [IVall2llVy, M2 = <c

V. HY*(I) — HY*(I),

see Lemma 1.1, we conclude the unique solvability of the Galerkin variational
problem (2.15), or, correspondingly, of the linear system (2.16), as well as the
quasi optimal error estimate, i.e. Cea’s lemma,

lt=tallzrrary < S5 inf = wnllgoa -
€1 wheSH(IT)

Combining this with the approximation property (2.5) for o0 = —1/2, we get
1
It =tulla—1r2ry < ch*F2 [tms, ()

when assuming ¢ € Hyw (I") and s € [0,1]. Applying the Aubin-Nitsche trick
(for 0 < —1/2) and an inverse inequality argument (for o € (—1/2,0]), we
also obtain the error estimate

[t = tullae(ry < ch®7 [tas, () (2.17)

when assuming ¢ € H} (1) for some s € [0, 1] and o € [-2,0].
Inserting the computed Galerkin solution ¢, € Sp(I") into the representa-
tion formula (1.6), this gives an approximate representation formula

u(r) = /u*(gc,y)th(y)dsy - /'y}{l;u*(x,y)g(y)dsy forxe 2, (2.18)

r r
describing an approximate solution of the Dirichlet boundary value problem
(1.14). Note that u is harmonic satisfying the Laplace equation, but the Dirich-

let boundary conditions are satisfied only approximately. For an arbitrary
x € {2, the error is given by

u(w) - a) = [ @) (t0) - ta(0)) dsy

r
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Using a duality argument, the error estimate
lu(e) —a()] < [lu” (@, Mgt = tallzo o

for some o € R follows. Combining this with the error estimate (2.17) for the
minimal value o = —2, we obtain the pointwise error estimate

u(z) — ()| < e B2 (@, e [, o)

when assuming ¢ € Hpy(I') for some s € [0,1]. Hence, if t € Hpjy(I') is
sufficiently smooth, we obtain the optimal order of convergence for s = 1,

u(z) = a(@)] < ch® (@, w2 [, o) - (2.19)

Note that the error estimate (2.19) involves the position of the observation
point x € {2 again. In particular, the error estimate (2.19) does not hold in
the limiting case x € I.

The computation of the right hand side f in the linear system (2.16)
requires the evaluation of the integrals -

fr = / w)ds, + — / / z|; g ) o(y)ds, ds.

for k =1,...,N. An approximation of the given Dirichlet datum g € H/?(I")
by a globally continuous and piecewise linear function

M

gn =Y _g;%; € Sh(D)

Jj=1

can be obtained either by interpolation,
gn =Y _g(x;) e, (2.20)

or by the Ly projection,

M
gh = Zgj 3
j=1

where the coefficients g;, j =1,..., M satisfy

M

Zgj<@j790i>L2(F) = (9,0i) Loy fori=1,...,M. (2.21)
j=1

This leads to
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s 1 N (@ — y,n(y))
n:—zm/mmm+z%—//——:Tw@@mI
2 = = 47 J |z — vyl
Tk

Tk
M 1
=> 9 (th[m] + Kh[k,j}>
j=1
with the matrix entries

Mifiog] = [oi@se Bk = = [ [EEE s, as,

Tk Tk

for j =1,...,M and k = 1,..., N. Instead of the linear system (2.16), we

then have to solve a linear system with a perturbed right hand side f, yielding
a perturbed solution vector ¢, i.e., we have to solve the linear system

~ 1
Vit = (§Mh+Kh)g. (2.22)
For the perturbed boundary element solution t;, € S(I'), the error estimate

[t = tnllgery < e llt—tullmory + e2llg — gnllgesr )

follows with ¢ € [-2,0], when the Ly projection (2.21) is used to define
gn € S}(I'). Note that o € [—1,0] in the case of the interpolation (2.20).
Assuming ¢t € Hpw(I') and g € HGH (I) for some s € [0,1], we then obtain
the error estimate

Ht — thHHa(p) < h%7° (Cl |t|H;W(F) + c2 ‘Q‘ng;l(r)) .
For the approximate representation formula

u(z) = /u*(gc,y)th(y)dsy —/’y%{lytu*(x,y)gh(y)dsy forz € 12,
T T

we then obtain the optimal error estimate
u(z) —u(x)] < e(x,t,9) h*, (2.23)

when using the Ly projection (2.21) and when assuming ¢ € Hpy,(I") and
g€ HIQ)W(F). When using the interpolation (2.20) instead, the error estimate

|u(x) 7ﬂ($)| < C(xatmg) h2

follows.
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2.3.2 Interior Neumann Boundary Value Problem

Let 2 C R? be a simply connected domain. The solution of the interior
Neumann boundary value problem (cf. (1.21))

—Au(z) =0 forze 2, ~"u(z) = g(z) forzel,

is given by the representation formula (cf. (1.6))

u(z) = /u*(agy)g(y)dsy — /Wi?ytu*(x,y)ﬂ(y)dsy for x € 12,
T T

where the unknown Dirichlet datum % = 'y(i)ntu € H'Y2(I) is a solution of the
hypersingular boundary integral equation (cf. (1.27))

. it - 1 it .
it [t . g)alds, = 3o~ [ @ )g)ds,
I r

for x € I'. Since the hypersingular boundary integral operator D has a non-—
trivial kernel, we consider the extended variational problem (cf. (1.29)) to find
i, € HY?(I') such that

(Do), + (1) (1), = (51 - K)o}, + (1),

is satisfied for all v € H'/?(I"). Note that from the solvability condition (1.22),
we reproduce the scaling condition (1.25). Since the bilinear form of this vari-
ational problem is strictly positive, the variational problem is equivalent to
the minimisation problem

o) = it PO

£ = 3({n), + (1))~ (b= o), o),

Using a sequence of finite dimensional subspaces S} (I") ¢ H 1/2(T) spanned
by piecewise linear and continuous basis functions, an associated approximate

function
M

oy = Y fa ¢ € SH(I) (2.24)

Jj=1

is obtained from the minimisation problem

F(igp) = min  F(vy).
(ta,n) o (vn)
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The solution @,,, € S}(I') of the above minimisation problem is then defined
via the Galerkin equations

<Dﬂa,h7 %‘>F + <ﬂa7h, 1>F<<‘0i’ 1>F -
<(%I_K'>9"Pi>F+a<%1>F (2.25)

fori=1,..., M. Using (2.24), this becomes
M
> tas ((Desner)  + (91) (pis1) ) =
j=1
(- o) o),

fori=1,...,M. With

1 (curlp;(y) , curl i (z))
Dyli, j] = (Dyj, pi)r = E// J = dsgds,,

yl
(i, 1 F/soz r)dsy,
fi:<( I-— ’>g’%>
% F/ g(@)pi(w)dsy - / F/ A (2, y)g(y)ds, ds.

_ ! . L e [ mnl)
- F/ )eiads, = - [ oita) [ Oty is, s,

r r

N

for i,j = 1,..., M, we find the coefficient vector @, € RM as the unique
solution of the linear system

(Dh taa ) = f4 (2.26)

The extended stiffness matrix Dy +aa’ is symmetric and positive definite.
Therefore, one may use a conjugate gradient scheme for an iterative solution
of the linear system (2.26). However, due to the estimate for the spectral
condition number

wo(Dp+aa’) < c

==

an appropriate preconditioning is sometimes needed.
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Note, that instead of a direct evaluation of the hypersingular boundary
integral operator D, we apply integration by parts to obtain the representation
(1.9) in Lemma 1.4, where

curlp;(z) = n(z) X Vypi(z) forz el

is the surface curl operator, and @; is some locally defined extension of ¢; into
the neighbourhood of I'. Since ¢; is linear on every boundary element 7, and
defining the extension @; to be constant along n(x), we obtain curl,p; to be
a piecewise constant vector function. Hence, we get

Dyli, j] = (2.27)
1 1
> > (CLYIF%‘W ; CLﬂr%n)E//mdsxdsy-
Tk € Supp @; T¢ € supp @; e

Thus, the entries of the stiffness matrix Dy of the hypersingular boundary
integral operator D are linear combinations of the entries V},[k, £] of the single
layer potential matrix V. Hence, we can write

Vi, 00
Dy=T"| 0V, 0 |T
00V

with some sparse transformation matrix 7' € RM >3V,

From the H'/?(I')-ellipticity of the extended bilinear form, i.e.,
(Dv,v)p + (v,1)2 > P ||’UH§{1/2(F) for allv € HY?(I),

we conclude the unique solvability of the variational problem (2.25), or corre-
spondingly, of the linear system (2.26). Furthermore, the quasi optimal error
estimate, i.e., Cea’s lemma,

[ta = Ganllgrery < theig,{(r) e = vallgiz(r
holds. Combining this with the approximation property (2.10) for o = 1/2,

we get
hs—l/?

||ﬂa - fL,Lh |H1/2([’) <ec |’U,a|HSW(F) 5 (228)
when assuming @, € Hpy(I") for some s € [1/2,2]. Applying the Aubin-

Nitsche trick, we also obtain the error estimate
e = ta,nll oy < ch®7 |ﬂa|H§W(F) )

when assuming i, € Hpy (I7) for some s € [1/2,2] and o € [-1,1/2].
Inserting the computed Galerkin solution @, , € S}(I) into the represen-
tation formula (1.6), this gives an approximate representation formula



2.3 Laplace Equation 75
u(r) = /u*(x,y)g(y)dsy - /'ygl;u*(x,y)ﬂavh(y)dsy forx € 2
r r

describing an approximate solution of the Neumann boundary value problem
(1.21). For an arbitrary x € {2, the error is given by

M@_m@:/ﬁmmwwm%mm—%@ﬂwy

r

Using a duality argument, the error estimate

[u(e) — ()] < | ()

iy )| g e = T

for some o € R follows. Combining this with the error estimate (2.28) for the
minimal value 0 = —1, we obtain the pointwise error estimate

fu(e) — (@)| < ch*t|

int, —
T,y U ({E, ')‘)Hl(F)‘uCY'HSw(F) ’

when assuming @, € Hyjy, (I") for some s € [1/2,2]. Hence, if G € Hpy(I') is
sufficiently smooth, we obtain the optimal order of convergence for s = 2,

Ju(e) — ()| < eh® ||y (2, ) ldal s, o) - (2.29)

Again, the error estimate (2.29) involves the position of the observation point
x € {2, and, therefore, it is not valid in the limiting case = € I.

As in the boundary element method for the Dirichlet boundary value prob-
lem, we may also approximate the given Neumann datum g € H~/2(I') first.
If g, € Sg(F) is defined by the Lo projection, i.e. if it is the unique solution
of the variational problem

/gh(w)wk(:c)dsx = /g(x)wk(:c) ds, fork=1,...,N,

r r

then the error estimate
S—0O
lg = gnllzecry < ch® 7 |glms, ()

holds, when assuming g € Hyy (I") for some s € [0,1] and o € [—1,0]. Hence,
if g is sufficiently smooth, i.e., g € Hll)w(l"), we get the optimal error estimate

lg = gnlla—1cry < ¢h® gl r)- (2.30)

Then,
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Instead of the linear system (2.26), we now have to solve a linear system with

a perturbed right hand side f yielding a perturbed solution vector u,, i.e.,
we have to solve the linear system
~ 1
(Dh —&-QQT)QQ = (§MhT—KhT)g+ag. (2.31)

For the associated boundary element solution u, ;, € S} (I"), the error estimate
o = Ta,nllgrr2ry < o = Ganllgizry +cllg = gnlla-172(r)
< ch?? (\ﬂa|HgW(r) + |9|ng(r)> ;

holds, when assuming @ € Hpy (I') and g € H}y(I'). Applying the Aubin-
Nitsche trick to obtain an error estimate in lower order Sobolev spaces, the
restriction due to the error estimate (2.30) has to be considered. Hence, we
obtain the error estimate

[ = | ge(ry < e ||t = tnllgery + c2 g = gnllae-1(r)
< ch*™ <|ﬂ|ng(r) + |9|H;W(r)) :

when assuming @, € Hpy (D), g € Hpy(I'), and o > 0. Therefore, the optimal
error estimate reads

e — Tanllrar) < ch® (\%\ng(r) + \9|ng(r)) : (2.32)

For the approximate representation formula

() = / A (2, ) gn () dsy — / A (2 )T ()ds,  (2.33)
I I

for x € {2, we then obtain the best possible error estimate
u(z) — ()| < c(x,9,00) h?, (2.34)

when assuming @, € HI%W(F) and g € Hglwv(r)-
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2.3.3 Mixed Boundary Value Problem
The solution of the mixed boundary value problem (cf. (1.34))

—Au(z) =0 for x € (2,
W u(x) = g(z)  forx € I'p,
y"u(e) = f(z) forz € Iy

is given by the representation formula
u@) = [ uwids, + [ @)@,
FD FN

/ A8 (2, y) g (y)ds, — / AL (2, )yt u(y)ds,
I'p I'n

7

for x € {2, where we have to find the yet unknown Cauchy data Wmtu on I'y

and 'ymtu on I'p. Let § € HY2(I') and f € H-'/2(I") be some arbitrary,
but fixed extensions of the given boundary data g € HY?(I'p) and f €

H~'/2(I'y), respectively.
The new Cauchy data

U=y — g e HY*(Iy)

and N o
t =~y — fe HTV2(I)

are the unique solutions of the variational problem (cf. (1.35))
a(t,; w,v) = F(w,v)

for all v € HY/2(I'y) and w € H~'/2(I'p) with the bilinear form

~ 1 1 ~
a(t,u; w,v) = py /w(x) / Ht(y)dsyd%
I'o o

L / w(z) / @ =v020) 50 s, ds,

EEE
I'p I'n
| (v~ 2.n(2))~
+E/in@wPﬂww%

curlpv ), curl 7 u(y))
// o=yl dsyds,

and with the linear form
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1 1 r—yn
F(w,v) = i/w( Yg(x)ds, + yy /w / - |3 (y)alsyalsgc
I'p

_ / s+ [ o),
I'n
—% o) [ %ﬂwdsydsx
I r

i// (CLYIFU(I)’ CLﬂrg(y)) ds,ds,.
T |z

To be able to define approximate solutions of the above variational problem,
we first define suitable trial spaces,

0 0 r7—1/2 Nb
SU(I'p) = SYIYNHY?(Ip) = span{z{zz}e:f
My

SH(Iw) = SLI) N H'(I) = span{ s}

The Galerkin formulation of the variational problem (1.35) is to find
%vh S Sg(FD)

and
ﬁh € S;ll(FN)

such that _
a(tn,un; wp,vp) = F(wp,vp) (2.35)

is satisfied for all wy, € SP(I'p) and vy, € Si(I'y). This formulation is equiva-
lent to a linear system of equations

Vi =K\ [t g
(o) (2) - ()

with the following blocks:
Vi € RVOXND |, @ RVPXMN Dy, e RV
The matrix entries of these blocks are defined by

1 1
Valk. 0] = E// g

Tk Te

_ 1 (@ —y.n) e a
47r//—\$—y|3 @i (y)dsyds,,

1 1-p;
Z ] 4 // cur F<p_] , Cur FC)OZ(I))dSdex
m Ix— yl
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for all k,¢ =1,...,Np and 4,5 = 1,..., My. The components of the right
hand side, g € RNP and fe RM~ | are given by

1 Tr—1Y,n
gk = 5/ x)ds, + // v, 0 (y)dsydsx
// e y)dsydsg ,

fi= g / i) (@), — 4 / o) [ s, s,

I'n r

// (curl-g(y curlpgpi(x))ds ds
Yy T

|z -y

foralk=1,..., Npandi=1,..., My.

Since the trial spaces SY(I'p) C SY(I") and Si(I'y) C Si(I') are sub-
spaces of the trial spaces already used for the Dirichlet and for the Neumann
boundary value problems, the blocks of the matrix in (2.36) are submatrices
of the stiffness matrices already used in (2.22) and in (2.31), respectively. In
particular, the evaluation of the discrete hypersingular integral operator Dy,
can be reduced to the evaluation of some linear combinations of the matrix
entries of the discrete single layer potential V,.

Since the stiffness matrix in (2.36) is positive definite but block skew
symmetric, we have to apply a generalised Krylov subspace method such as
the Generalised Minimal Residual Method (GMRES) (see Appendix C.3) to
solve (2.36) by an iterative method. Here we will describe two alternative
approaches to apply the conjugate gradient scheme to solve (2.36).

Since the discrete single layer potential V}, is symmetric and positive defi-
nite and hence invertible, we can solve the first equation in (2.36) to find

t = Vh_l (g-i— Khﬂ) .

Inserting this into the second equation in (2.36), this gives the Schur comple-
ment system
Sp = f— K,V 'g (2.37)

with the symmetric and positive definite Schur complement matrix
Sh =Dy + KV, 'Ky

Therefore, we can apply a conjugate gradient scheme to solve (2.37), where
we eventually need a suitable preconditioning matrix for S,. Note that the
matrix by vector multiplication with the Schur complement matrix S} in-
volves one application of the inverse single layer potential matrix V3. This
can be realised either by a direct inversion, if the dimension Np is small, or
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by the application of an inner conjugate gradient scheme. Again, a suitable
preconditioning matrix is eventually needed, which is spectrally equivalent to
Vh.

Following [14], we can also apply a suitable transformation to (2.36) to ob-
tain a linear system with a symmetric, positive definite matrix. In particular,
the transformed matrix

ViCyt =10 Vi —Kn\

~Kjoyt 1) \ K[ Dy
ViCy'Vi, = Vi, (I = V3Cy YKy
K (I —Cy'Vi) Dy + K, Oy Ky,

is symmetric and positive definite. Hence, instead of (2.36), we now solve the
transformed linear system

( VaCy Vi = Vi (I = ViCyh) Ky, ) (Z) _ (2.38)

KJ(I—Cy'Vi) Dy + K OV Ky, ) \ @

ViCy' =10\ (g
~KjCct 1)\ f

by a preconditioned conjugate gradient scheme. In the above, Cy is a suitable
preconditioning matrix, which is spectrally equivalent to the discrete single
layer potential V4, i.e.,

e (Cyw,w) < (Vaw,w) < ¢ (Cyw,w) for all w € RYP,

To ensure that (2.38) is equivalent to (2.36), we have to require the invertibility
of
ViOy't =1 = (Vi, — Cy)Cy

Due to
(Vi — Cy)w,w) > (¢; —1)(Cyw,w) for all w € RN

a sufficient condition is ¢; > 1, which ensures the positive definiteness of
Vi — Cy, and, therefore, its invertibility. A suitable preconditioning matrix

for (2.38) is
Vi—Cy 0
O =
M ( 0 CS> ’

where Cfs is a preconditioning matrix for the Schur complement Sj,.

From the H~'/2(I'p) x H'/?(I'y )-ellipticity of the underlying bilinear form
a(,-; -, ), we conclude the unique solvability of the Galerkin variational prob-
lem (2.35), and, therefore, of the linear system (2.36). In particular, we obtain
the quasi optimal error estimate
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&= thll5-12(ry + 1T = GnllEp/e )

<cl inf  E—wnllfoapgy+  inf[[@— ]
= (whES;OL(FD)H hHH 1/2(F) UhES;lL(['N)” h||H1/2(F)

from Cea’s lemma. Using the approximation property (2.5) for o = —1/2 as
well as the approximation property (2.10) for ¢ = 1/2, this gives

It — th“?plm(r) + [Ju — ﬁh”%{l/z(r) §Clh251+1|t|§1;3v(r) + C2h28271|"7ﬁ[;3v(r) ,

when assuming ¢ € Hpw(I') for some sy € [~1/2,1], and u € Hp3(I") for
some so € [1/2,2]. Since, in general, those regularity estimates result from a
regularity estimate for the solution u € H*({2) of the mixed boundary value
problem (1.34), we obtain ity e HB‘TVUQ(F) and ity € HS;V?’/Q(F) by
applying the trace theorems, and, therefore, s; = s — 3/2 and so = s — 1/2.
Thus, if v € H*({2) is the solution of the mixed boundary value problem
(1.34) for some s € [1,5/2], we then obtain the error estimate

1= tallF /2y + 1T =@l Far2py < RV [uffr -

As for the Dirichlet and for the Neumann boundary value problem, applying
the Aubin-Nitsche trick (for o € [-2,1/2)) and an inverse inequality argu-
ment (for o € (—1/2,0]), we obtain the error estimate

I1E = tall e (ry + 1@ = @l oy < h®C70 7 uffp g, (2.39)

when assuming v € H*(§2) for some s € [1,5/2] and o € [-2,0].

Inserting the computed Galerkin solutions t, € S(I'p) and @y, € S} (I'y)
into the representation formula (1.6), this gives an approximate representation
formula

()= [ (o) (Bo) + Fw)) s, — [ 2150 (o) (o) + 500 ) s,

r r

for x € (2. The above formula describes an approximate solution of the mixed
boundary value problem (1.34). For an arbitrary x € (2, the error is given by

u(z) —ulx) =

[ ) (f) = Tatw))ds, — [ 88 o) (3) = a0 s,

I'ny I'p

Using a duality argument, the error estimate

u(z) — a(z)] <

@ Yz oy IE =Tl oy + [t )| it = @l

H-°2(I)
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for some 01,02 € R follows. Combining this with the error estimate (2.39)
for the minimal values o9y = —2 and 09 = —1, we obtain the pointwise error
estimate

Ju(z) = (@) < h? (Il (@, )z + 1900 @) o ) luls o)

when assuming v € H*(§2) for some s € [1,5/2]. In particular, for s = 5/2,
we obtain the optimal order of convergence,

lu(z) — u(z)| < c(z)h® |l grs/2( ) - (2.40)

Note that the error estimate (2.40) is based on the exact use of the given
boundary data g € H/?(I'p) and f € H~'/?(I'y), and their extensions g €
H'Y2(I) and f e H-Y/2(D).

Starting from an approximation u, € S}(I') of the complete Dirichlet
1nt

datum ~;

M
un =Y ujp; = ZWPJJ’ Z ujpj = Un+gn
j=1

j=Mn+1

we first have to find the coefficients u; for j = My +1,..., M of the approx-
imate Dirichlet datum g, € S}(I') N H'Y/?(I'y). This can be done, e.g., by
applying the Ly projection,

Z u]/goj x)pi(x dm—/ (x)pi(x)ds, fori=Mpy+1,...,M.
Jj=Mn+1 I'p

In a similar way, we obtain an approximation f, € S§(I'v) of the given
Neumann datum f € H=/2(I'y),
Z te/w Yoi () de = /f Y(z)ds, fork=Np-+1,... N.
{=Np+1 'y
Hence, we have to find the remaining Cauchy data
%vh S S;?(FD) and uy € S;ll(FN)
from the variational problem
altn, n 3 Vi, i) = F(i, @)

fork=1,...,Npandi=1,..., My, where the perturbed linear form is now
given by
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I 1 .’L' - y7

_ 471// - y)dsyds, + /fh x)pi(x)ds,

Tk I'n

- 417r/%( )/th( )dsyds,

yl3

1o; ]
B // curl i (z) , curl pgn(y)) dsyds..
ar |x -y

The above perturbed variational problem is now equivalent to a linear system
of equations

Vi —Kp, t Vi 1M, + K, /
T — = 1T =T _ - . (241)
Kh Dh u §Mh — Kh 7Dh g

Note that the right hand side of this system differs from the one in (2.36).
The blocks on the right have the following dimensions:

= RNDX(N—ND)’ M, € RN X (M~My) K, € RND X (M~My)

)

and the following entries

_ 1 1
Vh[k,g] = 47‘[‘\//‘/Ij—y|d8yd$m,

Tk Te
Mh[k7.]] :/(p](x)dsam
~ 1 r—y,ny
Kylk, j] = E/ ﬁ%‘@)d%d%,

==y dsyds,

/
/ (curlrp;(y) . curlppi(x))

for
{=Np+1,....N, k=1,...,Np, j=My+1,....M,i=1,... My.

Note that the matrices Vi,, My, Kn, and Dj, are also submatrices of the
stiffness matrices already used in (2.16) and (2.26) to handle the Dirichlet
and Neumann boundary value problem, respectively.

The solution of the perturbed linear system (2.41) can be realised as for
the linear system (2.36). The error estimates for the resulting approximations
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can be obtained as in the previous cases, however, the approximations of the
given boundary data have to be recognised accordingly. This can be done as
for the Dirichlet boundary value problem and as for the Neumann boundary
value problem. In particular, the error estimate (2.39) holds for o € [—1,0],
and instead of (2.40), we obtain only the pointwise error estimate

fu(w) — i@)] < ef@) B Julgs/2go) (2.42)

for z € £2, when assuming u € H°/?(02).

2.3.4 Interface Problem

We consider the interface problem (1.56)—(1.58), i.e., the system of partial
differential equations (1.56),

—o;Aui(z) = f(z) forxz e 2, —acAuc(r) =0 forxe 2°
the transmission conditions (1.57),

int ext

int §ue(@),  am™ui(e) = aerfue(z) forz eI,

Yo ui(z) = g

and the radiation condition (1.58) with ug =0,

@) = 0 () aslel = oo,

Introducing @ = v{*u; = v, € HY2(I"), we have to solve the resulting

variational problem (1.59),
((iS™ + 2SN, 0)p = (S uy, — A"y, )1

for all v € H'/2(I'), where u,, is a particular solution satisfying —Au, = f in
0.

Using a sequence of finite dimensional subspaces S}(I') C H 12(1)
spanned by piecewise linear and continuous basis functions, an associated
approximate solution

M
U = Y U0 € Sp(T)
j=1

can be found as the unique solution of the Galerkin equations

((@iS™ + @S )an, i) p = (™55 up — 1™ up, pi)r (2.43)
for i =1,..., M. This is equivalent to a system of linear equations,

Shgzia
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with S, € RM*M and fE€ RM with the entries
Sh['l»,]] = <(aisint + a@sGXt)gpj’ g0i>1—‘7
fi= (SO0, — 10y o
fori,j=1,..., M. Since the Steklov—Poincaré operators
; 1
(S0 () = V! (51 n K)a(x)
1 / —1 1 ~
—(D+ (§1+ KV <§I+K> (),
1
(Stq)(z) = V! ( — 51+ K)a(x)
1 ! -1 1 m
—(D+ (—§I+K)V (—§I+K) ()
do not allow a direct evaluation of both, the stiffness matrix and the right hand
side, additional approximations are required. The application of the Steklov—

Poincaré operator St related to the interior Dirichlet boundary value prob-
lem can be written as

(S103) (z) = (D + (%I + K')V*l (%I + K)) ()
= (Du)(x) + (%I+ K’)ti(x),

where 1
ti =Vl (51 + K)ﬂ e H-V(I)

is the unique solution of the variational problem
1
(Vt,,wypr = <(§I+ K)ﬂ7w>r for all w € H~Y/2(I).
Let t;, € S3(I") be the unique solution of the Galerkin variational problem
1
<Vtz;h,wh> = <(—I + K)a,wh> for all wy, € S,?(F).
’ r 2 r
Then,
~ 1
(S™a)(@) = (Du)(@) + (51 + K )tin(a)
defines an approximate Steklov—Poincaré operator associated to the interior

Dirichlet boundary value problem. In the same way, we define an approximate
Steklov—Poincaré operator
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(5°ta)(@) = (Du)(a) + (— 5T+ K')ten(x)

which is associated to the exterior Dirichlet boundary value problem, and
where t. 5 € SJ(I') is the unique solution of the Galerkin equations

(Vien,wn)p = <( - %I+K>ﬂ,wh>F for all wy, € SO(I').

Now, instead of the variational problem (2.43), we consider the perturbed
problem

(8™ + . Sy, o) = (5™ up =ty 0i)r (2.44)

for i = 1,...,M. In (2.44), t,,, € SY(I') and wu, ), € S}(I') are suitable
approximations (Ly projections) of the Cauchy data of the particular solution
Up, 1.e.,

(s V) 1oy = (M, Vi) ()
for k=1,...,N and

(Up,hy i) La(r) = <7(l)ntupa<,0i>L2(r)
fori=1,..., M. From (2.44), we then obtain the linear system

(ai (Dh+( M+ KV ( Mh+Kh)> (2.45)

+ae(Dh+(2MhT+K{)v (Mh+Kh)>)u
(Dh+(;Mh +Kh)V (;M,ﬂuKh)) — M)t
where

VhERNXN, MhERNXM KheRNXM DheRMXM

9 )

are the Galerkin stiffness matrices, which have already been used for the
Dirichlet and for the Neumann boundary value problems. The entries of these
matrices are defined as

1 1

Tk Te

M%ﬂ=/¢@®w

r—y,n
// |£L' — y|3 4(y)d5’yd5x;

1 1rp;
Z j 4 // cur F@j , CUr F@Z(I))dsyd8£
a Ix -l
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fork,/=1,...,Nandi,j=1,...,M.
Instead of the linear system (2.45) we may also solve the equivalent coupled
system

oV, 0 —Oéi(%Mh—l—Kh) t;
0 ath _ae(_%Mh"i_Kh) te
ai(z My + K)) ac(=5M,) + K)) (o +ac)Dy, i
—(3 My + Kp)u,
= 0 s (2.46)

Dpu, — M t,

which is of the same structure as the linear system (2.36), i.e. block skew
symmetric but positive definite. Note that (2.45) is the Schur complement
system of (2.46).

As for the Neumann boundary value problem, we conclude the error esti-
mate

u—u <c inf u—"v
” hHH1/2(l) = ¢1 LESL( )” h||H1/2(r‘)

+c inf Sinty — g H-1/2() + € inf Sty — H-1/2(1) -
QWILES?L(F)H h” YA 3wh€ o )” hH VD)

Hence, assuming @ € Hp (') and gint/exty ¢ H}y, (I'), we obtain the error
estimate

= @nllrragry < b2 (lalug, o + IS™ @y, o) + 1S @l ) -

and by applying the Aubin—Nitsche trick, we get

@ — )|,y < cla)h®.
When the Dirichlet datum wy, is known, one can compute the remaining Neu-
mann datum by solving both, the interior and exterior Dirichlet boundary
value problems. Since those boundary value problems are Dirichlet boundary
value problems with approximated boundary data, the corresponding error
estimates are still valid.

2.4 Lame Equations

For a simply connected domain 2 C R? we consider the mixed boundary
value problem (1.79)
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0
—Z%%(g,x)zo for x € £2,

%ntul(x) =gi(xz) forxzelp,,

(71 mt ZO’U u, )nj(z) = fi(x) forzeln,,

for i = 1,2,3. Note that we assume
F:TNJ‘UTD,Z‘, FNJ‘QFD,Z‘:@, measFD,i>0

for ¢ = 1,2,3. To find the yet unknown Cauchy data (ﬂntg)i on I'p,; and
'y(l)ntul on I'y;, we consider the variational problem (1.80), which is related to
the symmetric formulation of boundary integral equations. Hence, we have to
find N L
ti = (V0% — f; € HY*(I'p )
and B
= iy, — g € HY*(In ;)
such that _
a(t,u; w,v) = F(w,v)
is satisfied for all w; € H=Y/2(I'p;) and v; € HY2(I'y ;) for i = 1,2, 3. Note
that the bilinear form is given by

3

s m) = Yo (VD) ) -3 (ke “r,,

. 43 <E’(KLameQ)i> V+Z3:<(DLame~)“vZ> ,

I'ni
while the linear form is

F(w,v) =
3

S (5o, (P D) (D) )+

=1

- 1 Iy Lame Lame~
Z (§<fiavi>FN~i - <fi, (K y)i>FNL <(D g)zavz>FN1i) :

i=1
As for the Laplace equation, we first define suitable trial spaces,

0 0 7—1/2 Np.i

SH(Ip.) = SUI) NH™2(Ip,) = spanf{wi}

1 1 £71/2 | M
Sh(Iwa) = SO N HYA (L) = spanf{ef}
]:
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for i = 1,2,3. The Galerkin formulation of the variational problem (1.80) is
to find ¢; 5, € Sg(FDyi) and u; p € Sﬁ(FNﬂ-) such that

a(ty, ;s wy,vy) = F(wy,vy,)

is satisfied for all w; € SY(I'p;) and v; € Si(I'n;) for i = 1,2,3. This
formulation is equivalent to a linear system of equations

7 Lame - Lame ~
_VI’z T __KLh (E) - (2> : (2.47)
(Khame) Dhame U f

having the blocks

VhLame c RNDxND’ K}I{;ame c RNDXMN7 D%ame c RM~ x My 7

where
3 3

Np =Y Npi, My =) My,
i=1 i=1
While the blocks in the linear system (2.47) recover only the unknown coeffi-
cients t; o and u; j, an implementation based on the complete stiffness matrices
may be advantageous. Let

N M

SHI) = span{wg}e_l, SHI) = span{goj}j_l

be the boundary element spaces spanned by piecewise constant and piece-
wise linear continuous basis functions, respectively. Note that both 52(F )
and S} (I") are defined with respect to a boundary element mesh of the com-
plete surface I". By P; : RN — R¥p.i and Q; : RM — RM~.i we denote some
nodal projection operators describing the imbedding w® = Pjw € RNP for
w € RY with

Np.,i

N
wi (@) = Y widi(e) € SY(I'py),  wilx) = Y wepy(z) € ST
{=1 l=1

as well as the imbedding v’ = Qv € RM~.i for v € RM with

Mn,i

N
vi@) = 3 viei(e) € SIw), wla) = D v (@) € SHD).

From this we obtain the representations
VhLame _ PVhLamePT 7 R—}I;ame _ PK}IL_JameQT 7 D%ame _ QD%ameQT ’

where the stiffness matrices VhLame, K,E‘ame, and D%ame correspond to the

Galerkin discretisation of the associated boundary integral operators Vame
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KLame DLame

and with respect to the boundary element spaces [Sp(I)]?
and [S}(I)]3. In particular, for the discrete single layer potential V}, we have
the representation

VhLame — (2.48)
Vi 00 Vit,n Vai,n Vasn
111+v ’ ’ ’
SEI B—4v) [ 0 Vi 0 | 4| Var,n Voo Vaz
0 0V, Vai,n Vaa,n Vasn

with the matrix V;, € RY*N having the entries

1 1

Tk Te

and six further matrices Vj; 5, € RN*N defined by

oy
Vijnlk, 0] = i // \m—y|3 j)dsydsz (2.50)
Tk Te
= ————dsyds,
// ay] |~T— |
Tk T¢

fork,=1,...,N and i,j = 1,2, 3. Note that V}, is just the Galerkin stiffness
matrix of the single layer potential for the Laplace operator, while the matrix
entries V;; n[¢, k] are similar to the Galerkin discretisation of the double layer
potential for the Laplace operator.

From Lemma 1.16, we find the representation for the double layer potential
KLame

FE
1+v

for x € I', and, therefore, the matrix representation

(KLmey)(z) = (Kv)(@) — (VM(@,n)) (2) + —— (VEmeM (0, n)0) (2)

Klame (2.51)
Ko 0 0 Vi 00 _ -
0 K, 0 |—[0wo T+ yLamep
0 0 K 00 Vu Ty

where V}, and K} are the Galerkin matrices related to the single and double
layer potential of the Laplace operator. Furthermore, T" is a transformation
matrix related to the matrix surface curl operator M(9,n).

Using the representation of the bilinear form of the hypersingular bound-
ary integral operator DM€ ag given in Lemma 1.18, one can derive a similar
representation for the Galerkin matrix D%ame, which is based on the trans-
formation matrix 7' and on the Galerkin matrices related to the single layer
potential of both, the Laplace operator and the system of linear elastostatics.
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2.5 Helmholtz Equation
2.5.1 Interior Dirichlet Problem
The solution of the interior Dirichlet boundary value problem (cf. (1.104)),
—Au(z) — K*u(z) = 0 fora e £, v(l)ntu(x) =g(z) forxzel,

is given by the representation formula (cf. (1.95))

ulz) = / u (z, y)t(y)dsy — / Ayt (2 y)g(y)ds, forz € Q,

Ir Ir

where the unknown Neumann datum ¢ = 'y}ntu € H~Y2(I') is the unique
solution of the boundary integral equation (cf. (1.105))

1
(Vat)(2) = 59(2) + (Kog)(z) forz €T,
Note that for the unique solvability, we have to assume that 2 is not an

eigenvalue of the Dirichlet eigenvalue problem (1.108). Then, t € H~'/2(I") is
the unique solution of the variational problem (cf. (1.106))

<Vnt,w>F = <(%I+ Kﬁ)g,w>F for all w € H=Y/2(I).

Using a sequence of finite dimensional subspaces Sp(I") spanned by piecewise
constant basis functions, associated approximate solutions

N
th, = Ztﬂ/}e S S;OL(F)

(=1

are obtained from the Galerkin equations

<V,{th,1pk>F = <(%J+Kn)g,wk>r fork=1,....N. (2.52)

Hence, we find the coefficient vector ¢ € CV as the unique solution of the
linear system

Vit = f
with
R
Vinlk, 0] = yp // P dsydsm, (2.53)
T e

for k,£=1,...,N, and
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fe = / x)ds, + —// (1—1k|z—y|)e onla—y) (2 = z |(3 v) g(y)dsyds,

fork=1,...,N.

Since the single layer potential V,, : H='/2(I") — H'/?(I) is coercive, i.e.
V,. satisfies (1.97), and since V;; is injective when x? is not an eigenvalue of
the Dirichlet eigenvalue problem (1.108), we conclude the unique solvability
of the Galerkin variational problem (2.52), as well as the quasi optimal error
estimate, i.e. Cea’s lemma,

t—t _ < ¢ inf t—w _ .
It —thllg-1/2r) < o | llg-172(r)

Combining this with the approximation property (2.5) for o = —1/2, we get
1
It =tullg-1r2ry < P 2 [tms, (1)

when assuming ¢ € Hyw (I") and s € [0,1]. Applying the Aubin-Nitsche trick
(for 0 < —1/2) and the inverse inequality argument (for o € (—1/2,0]), we
also obtain the error estimate

It = tallgocry < cP®"7|tms, (), (2.54)

when assuming ¢ € H}y, (") for some s € [0,1] and o € [-2,0].
Inserting the computed Galerkin solution ¢, € SP(I") into the representa-
tion formula (1.95), this gives an approximate representation formula

ix) = / A ()t (y)dsy — / s (2 g ()dsy  (2.55)

for x € {2, describing an approximate solution of the Dirichlet boundary value
problem (1.104). Note that u satisfies the Helmholtz equation, but the Dirich-
let boundary conditions are satisfied only approximately. For an arbitrary
x € {2, the error is given by

u(w) ~a) = [ i) (60— tr(w) s,

r

Using a duality argument, the error estimate

lu(x) — ()] < [luk(@, )=o)t = thllme )

for some o € R follows. Combining this with the error estimate (2.54) for the
minimal value o = —2, we obtain the pointwise error estimate

u(z) — (@) < ch™*2 [lug (@, M m2cry g, ()
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Hence, if t € HE,W(F ) is sufficiently smooth, we obtain the optimal order of
convergence for s = 1,

u(z) —a(@)] < ch® fug(@, a2y [t o)- (2.56)

Again, the error estimate (2.56) involves the position of the observation point
x € {2, and, therefore, it is not valid in the limiting case = € I.

As for the Dirichlet problem for the Laplace equation, the computation of
fr requires the evaluation of the integrals

Ik = %/ x)ds, + // (1—1k|z—y|)e == o (= 9,0W)) |x—y|(3 y)) g(y)dsyds,.

When using a piecewise linear approximation gy, € S} (I") of the given Dirichlet
datum g € HY2(I'), we find a perturbed solution vector £ € CN from the
linear system

~ 1
Vonk = (§Mh + K,i7h>g (2.57)
with additional matrices defined by the entries
Milk.d) = [ os(a)ds.
Tk

and

K, nlk, ] // (1—1rl|z—y|)e irla—y) (T = 9,0(Y)) z .1(y)) ©;(y)dsydsy (2.58)

y\3

for k=1,...,Nand j =1,..., M. Then, the exact Galerkin solution ¢ has
to be replaced by the perturbed solution ¢, to obtain an approximate solution
of the Dirichlet problem (1.104) for z € {2,

i) = / () () ds, — / A2 () gn (y)dsy

r r

Thus, we obtain the optimal error estimate
lu(z) — ()| < c(z,t,g) R, (2.59)

when using a Ly projection to approximate the boundary conditions, and
when assuming ¢ € Hjyy, (I') and g € Hpy (1)

2.5.2 Interior Neumann Problem

Next we consider the interior Neumann boundary value problem (1.109),
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—Au(z) — F2u(z) = 0 forze 2, ~u(z) = g(z) forazel.

The solution is given by the representation formula for x € 2 (cf. (1.95))

ulz) = / ()9 (y)dsy — / Ay (i, )iy ds,.

r r

We assume that x? is not an eigenvalue of the Neumann eigenvalue problem
(1.113). In this case, the unknown Dirichlet datum @ = 4i™u € HY/2(I") is
the unique solution of the boundary integral equation (1.111),

(Dui)(z) = 50(e) ~ (KLg)(x) forwel,

or of the equivalent variational problem (1.112),
1
<D,€ﬂ,v>F = <(§I - K;)g,v>r for allv € HY2(T').

Using a sequence of finite dimensional subspaces S} (I") spanned by piecewise
linear continuous basis functions, associated approximate solutions

M
Up = Zﬁj@j € S(I)
=1

are obtained from the Galerkin equations

<D,{ﬁh,g0i>F = <(%I — K;)g,goi>F fori=1,...,M. (2.60)

Hence, we find the coefficient vector & € C™ as the unique solution of the

linear system
Dypa = f (2.61)

with
Dn,h[ivj] = <Dl<o§0j790i>f' (262)

zn|w y|
o //| curlpgoj(y)amrwi(x))dsydsr
T

477// |M . oi(z)(n(x),n(y))dsyds, ,

fori,j=1,...,M, and
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fori =1,..., M. Note that for the computation of the matrix entries D, 5[4, j],
we can reuse the discrete single layer potential V,, ;, for picewise constant basis
functions, but we also need to have the Galerkin discretisation with piecewise
linear continuous basis functions of the operator

il

(Cru)(z) = yr— (n(2), n(y)) u(y)dsy , (2.63)
r

which is similar to the single layer potential operator.
Since the hypersingular integral operator

D, : HY*(I') - H-Y*(I")

is coercive, i.e. D, satisfies (1.98), and since D, is injective when x? is not
an eigenvalue of the Neumann eigenvalue problem (1.113), we conclude the
unique solvability of the Galerkin variational problem (2.60), as well as the
quasi optimal error estimate, i.e. Cea’s lemma,

||ﬂ—’lj,h||H1/2(p) <ec inlf
v

U—v .
dnf la = ol ey

Combining this with the approximation property (2.10) for o = 1/2, we get

_ B 1. _
||U_uhHH1/2(F) < ch’ 2 HUHHSW(F)’

when assuming 4 € Hpy, (I') and s € [1,2]. Applying the Aubin-Nitsche trick
we also obtain the error estimate

= anllarory < b7 il o (2.64)

when assuming 4 € Hyy (I7) for some s € [1,2] and o € [-1,1/2].

Inserting the computed Galerkin solution 4y € S} (I') into the represen-
tation formula (1.95), this gives an approximate representation formula for
x € (2,

i(a) = / w2 (2, 9)g(y)dsy — / A i (g)dsy,  (2.65)
I I

describing an approximate solution of the Neumann boundary value prob-
lem (1.109). Note that @ satisfies the Helmholtz equation, but the Neumann
boundary conditions are satisfied only approximately. For an arbitrary x € {2,
the error is given by

u(e) = le) = [ i o) (anlo) = 2(0)) s,

r

Using a duality argument, the error estimate
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lu(z) —u(@)| < [lug (@, )g-orlle = anllmer

for some o € R follows. Combining this with the error estimate (2.64) for the
minimal value 0 = —1, we obtain the pointwise error estimate

u(@) —(@)| < eh™ ug (@, )l a il mg, o)

Hence, if 4 € HSW(F) is sufficiently smooth, we get the optimal order of
convergence for s = 2,

lu(z) — a(z)| < ch®|lu(z, ')HHl(r)|ﬂ|ng(r)~ (2.66)

Again, the error estimate (2.66) involves the position of the observation point
x € {2, and, therefore, is not valid in the limiting case = € I

When using a piecewise constant approximation g, € S9(I') of the given
Neumann datum g € H~'/2(I"), we can compute a perturbed piecewise linear
approximation u, € S}(I") from the Galerkin equations

. 1 .
<D,.€uh7 <p¢>F = <(§I — K;)gh, %>F fori=1,...,.M
or from the equivalent linear system
~ 1 T !
Dy = (§Mh - n,h)ﬂ
with

M0 = / oi(2)dss = Malt, ],

Te

4 ; 1 / / 1 k|z—y| (x — yaﬂ(y))
= , 1— _ y _
m,h[z’ E] An 901(7") ( (7 |3j y|)€ |$ — y|3 dsydsa:
r Te

An approximate solution of the interior Neumann boundary value problem is
then given for z € (2,

() = / (2, y)gn(y)ds, — / A ()i (y)ds,
I I

As for the perturbed linear system (2.31) for the Neumann boundary value
problem of the Laplace equation, we obtain the error estimate

lu(z) — u(z)| < c(z,t,9)h?, (2.67)

when using a Lo projection to approximate the boundary conditions, when
assuming g € Hll)w(f’) and u € HI%W(F).
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2.5.3 Exterior Dirichlet Problem
The solution of the exterior Dirichlet boundary value problem (cf. (1.114))
—Au(z) — 2u(z) = 0 forze 2° &%(z) = g(z) forzel,

where, in addition, we have to require the Sommerfeld radiation condition
(1.101), is given by the representation formula for = € £2¢ (cf. 1.103)

wmz—/@mmmw%+/ﬁ$Mammm%

r r

Again we assume that &2 is not an eigenvalue of the Dirichlet eigenvalue
problem (1.108). The unknown Neumann datum ¢t = % € H=1/2(I") is then
the unique solution of the boundary integral equation (cf. (1.115))

(Vit)(z) = —%g(ﬂc) + (K.g)(z) forxzel.

To compute an approximate solution of this boundary integral equation, and,
therefore, of the exterior Dirichlet problem, we can proceed as in the case of
the interior Dirichlet problem. In particular, when using a piecewise linear
approximation g, € S} (I'), we find a perturbed piecewise constant approxi-
mation t;, € SY(I') from the Galerkin equations

<VJh,wk>F = <<—%I—|—Kﬁ)gh,wk>F fork=1,....N.

Hence, we obtain the coefficient vector ¢ € CV as the unique solution of the
linear system

~ 1
Vint = ( - §Mh + Km,h)g7

and an approximate solution of the exterior Dirichlet problem for z € (2,

a@)=—/¢yam%@m%+/5%%Maw%@m%- (2.68)
I I

Moreover, as for the interior Dirichlet problem, there holds the optimal error
estimate

lu(z) —u(z)| < c(z,t,g9)h*, (2.69)

when using a Ly projection to approximate the boundary conditions, and
when assuming ¢ € Hjyy, (I') and g € Hpy (1)
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2.5.4 Exterior Neumann Problem

The solution of the exterior Neumann boundary value problem (cf. (1.120))
—Au(z) — k2u(z) = 0 forze 2° ™u(z) = g(z) forzel,

where, in addition, we have to require the Sommerfeld radiation condition
(1.101), is given by the representation formula for z € £2¢ (cf. (1.95))

u(w) = = [ p)o@ds, + [P5uile )t uw)ds,
r r
Again, we assume that 2 is not eigenvalue of the Neumann eigenvalue problem

(1.113). The unknown Dirichlet datum @ = §tu € H'/?(I') is then the
unique solution of the boundary integral equation (cf. (1.121))

(D)) = —59(e) ~ (KLg)(x) fora el

To compute an approximate solution of this boundary integral equation, and,
therefore, of the exterior Neumann problem, we can proceed as in the case of
the interior Neumann problem. In particular, when using a piecewise constant
approximation g, € S§(I") of the given Neumann datum g, we find a perturbed
piecewise linear approximation uy, € S}(I') from the Galerkin equations

~ 1 .
<Dnuh7%‘>r = <<— §I—K;>gh,%>F fori=1,..., M.

Hence, we obtain the coefficient vector u € CM as the unique solution of the
linear system

- 1
Dot = (b7~ 2,)g
and an approximate solution of the exterior Neumann problem for x € 2,
(o) = - [ wievon)ds, + [ 83 0)Tn0)ds,.
r r

Moreover, we obtain the error estimate
u(z) = u(z)| < e(x,t,g)h*, (2.70)

when using the Lo projection to approximate the boundary conditions, and
when assuming g € Hpy(I') and @ € Hpy (I').
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3

Approximation of
Boundary Element Matrices

When using boundary element methods for the numerical solution of boundary
value problems for three-dimensional second order partial differential equa-
tions, one has to deal with two main difficulties. First of all, almost all matri-
ces involved are dense, i.e. all their entries do not vanish in general, leading
to an asymptotically quadratic memory requirement for the whole procedure.
Thus, classical boundary element realisations are applicable only for a rather
moderate number N of boundary elements. Fortunately, all boundary element
matrices can be decomposed into a hierarchical system of blocks which can
be approximated by the use of low rank matrices. This approximation will be
the main content of this chapter.

The second difficulty is the complicated form of the matrix entries to be
generated. The Galerkin method, for example, requires the evaluation of dou-
ble surface integrals for each matrix entry. This can not be done analytically
in general. Thus, combined semi-analytical computations will be used to gen-
erate the single entries of the matrices. A more detailed description of the
corresponding procedures is presented in Appendix C.

3.1 Hierarchical Matrices

The formal definition and description of hierarchical matrices as well as op-
erations involving those matrices can be found in [41, 42]. In this section we
give a more intuitive introduction to this topic.

3.1.1 Motivation

Let K : [0,1] x [0,1] — R be a given function of two scalar variables and let
A € RVXM be a given matrix having the entries

are = K(zp,ye), k=1,...,N, £=1,.... M, (3.1)
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with (xg,ye) € [0,1] x [0,1]. Tt is obvious, that the asymptotic memory re-
quirement for the dense matrix A is Mem(A) = O(N M), and the asymptotic
number of arithmetical operations required for a matrix-vector multiplication
is Op(As) = O(N M) as N, M — oo. This quadratic amount is too high for
modern computers, already for moderate values of NV and M. However, if we
agree to store just an approximation A of the matrix A and to deal with the
product A s instead of the exact value As, the situation may change. But
then it is necessary to control the error, i.e. to guarantee the error bound

A= Allr <ellA|lr, (3.2)

for some prescribed accuracy e, where ||A||r denotes the Frobenius norm of
the matrix A,

N M 1/2
|AllF = (ZZ ) : (3.3)
k=1 4¢=

Singular value decomposition

The best possible approximation of the matrix A € R¥*M ig given by its
partial singular value decomposition

A%[l:fl(r):ZUiuivJ, (3.4)

where
o; € Ry, uiERN, UiGRM, 1=1,...,r

are the biggest singular values and the corresponding singular vectors of the
matrix A. The rank r = r(¢) is chosen corresponding to the condition

min(N,M) min(N,M)
IA-Alhs Y obse Y o=l @Y
i=r+1

Unfortunately, the complete singular value decomposition of the matrix A re-

quires O(N3) arithmetical operations when assuming N ~ M, and, therefore,

it is too expensive for practical computations. However, the singular value

decomposition can be perfectly used for the illustration of the main ideas.
As an example, let us consider the following function on [0, 1] x [0, 1],

K(r,y) = ——— (3.6)

a+x+y
where a > 0 is some real parameter. For small values of the parameter « the
function K gets an artificial “singularity” at the corner (0,0) of the square
[0,1] x [0,1].
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The domain [0,1] x [0,1] is uniformly discretised using the nodes

1 1
= ((k-1 1 - hy=—— (3.
(@rye) = (k= Dhoy (= Dhy) s hy = 7 by = 77— (3.7)
fork=1,...,.Nand £ =1,..., M. In Fig. 3.1, the logarithmic plots of the
singular values of the matrix (3.1) (i.e. the quantities logq0;, i =1,...,N)

for N = M = 32 (left plot) and N = M = 1024 (right plot) are presented
for @ = 1074, It can easily be seen that only very few singular values are
needed to represent the matrix A in its singular value decomposition (3.4).
For N = 1024, almost all singular values are close to the computer zero, and,
therefore, this matrix can be well approximated by a low rank matrix A.

0 0

5 -5

-10 -10

-15 -15
5 10 15 20 25 30 0 200 400 600 800 1000

Fig. 3.1. Singular values for N = 32 and N = 1024

The number of significant singular values slowly increases with the di-
mension, as it can be seen in Fig. 3.2. Here the first 32 singular values (lo-
garithmic plot) for N = M = 32,128,256 (left plot, from below) and for
N = M = 256,512,1024 (right plot, from below) are shown. The accuracy of

5 5

0 0

5 5

-10 -10

-15 -15
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Fig. 3.2. First 32 singular values for N = 32,64, 128,256,512, and N = 1024

the low rank approximation fl(r) of the matrix A is illustrated in Fig. 3.3,
where the logarithmic plot of the function

_A— AW

) ="l
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0 0

5 5

-10 -10

-15 -15
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Fig. 3.3. Accuracy of the low lank approximation

forr =1,...,32 is depicted. The left plot in Fig. 3.3 corresponds again to the
dimensions N = 32,64, and N = 128 (from below), while the right plot shows
the results for N = 256,512, and N = 1024 (from below). Thus, the behaviour
of the singular values determines the quality of the low rank approximation
(3.4). The results shown do not really depend on the parameter a. If & becomes
smaller, the results are even better.

The situation changes if the “singularity” of the function K is more serious.
As a further example, let us consider the following function on [0, 1] x [0, 1],

1

Ko = v =

, (3.8)
where a > 0 is again some real parameter. For small values of the parameter
a the function K gets an artificial “singularity” along the diagonal {(z,x)}
of the square [0,1] x [0, 1].

In Fig. 3.4 (left plot), the rank 7(¢) for e = 107 and N = M = 256 is
shown as a function of the parameter «. The horizontal axis corresponds to
the values — log, (), while o changes from 20 till 278, Thus, the rank of the
matrix strongly depends on the parameter . However, if we “separate” the

70 70
60 60
50 50
40 40
30 30
20 20
10 o

0 2 4 6 8 0 2 4 6 8

Fig. 3.4. Rang of the matrix A

variables z and y, i.e. consider only the quarter [0,0.5] x [0.5, 1] of the square
[0,1] x [0, 1], then the situation is much better. The right plot in Fig. 3.4 shows
the same curve for separated = and y, which is more or less constant now.
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The logarithmic plots of the singular values of the matrix A for a = 1071
(lower curve) and for o = 10~8 (upper curve) are shown in Fig. 3.5. The left
plot in this figure corresponds to the whole square [0, 1] x [0, 1], while the right
plot shows the results for the separated variables z and vy, i.e. if we consider
only the quarter [0,0.5] x [0.5,1] of the square [0, 1] x [0,1]. Now the main

0 0

5 -5

-10 -10

-15 -15
0 50 100 150 200 250 0 50 100 150 200 250

Fig. 3.5. Singular values for N = 256

idea of hierarchical methods is quite clear. If we decompose the whole matrix
A into four blocks corresponding to the domains

[0,0.5] x [0,0.5], [0,0.5] x [0.5,1], [0.5,1] x [0,0.5], [0.5,1] x [0.5,1],

we will be able to approximate two of these four blocks efficiently. The two re-
maining, main diagonal blocks have the same structure as the original matrix,
but only half of the size and their rank will be smaller. In Fig. 3.6, the left
diagram corresponds to the whole matrix and its rank r(¢) = 73 is obtained
for a =279 e =107% and N = M = 256. The 2 x 2 block matrix together
with the ranks of the blocks is shown in the second diagram of Fig. 3.6. The

20| 8 g 8
38| 9 5 120 9 8 % 9
73 20| 8 28
9 | 38 9 5120 9 o

~

~
ey
N

Fig. 3.6. Original matrix and its hierarchical decomposition in blocks

approximation of the separated blocks is now acceptable, and we continue to
decompose only the blocks on the main diagonal. The results can be seen in
the third and in the fourth diagram of Fig. 3.6. The memory requirements
for these four matrices are quite different: the first matrix needs 146 N words
of memory, the second 94N, the third 74N, and, finally, we will need 72NV
words of memory for the last block matrix in Fig. 3.6. Thus, a hierarchical
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decomposition into blocks and their separate approximation using a singular
value decomposition leads to a drastic reduction of memory requirements (the
latter decomposition requires less than 50%) even for this rather small matrix
having a “diagonal singularity”. Note that the rank of the blocks on the main
diagonal increases almost linear with the dimension: 12 — 20 — 38 — 73, while
the rank of the separated blocks has at most a logarithmic growth: 7—8 — 9.

Thus, a hierarchical approximation of large dense matrices arising from
some generating function having diagonal singularity consists of three steps:

e Construction of clusters for variables z and y,
e Finding of possible admissible blocks (i.e. blocks with separated = and y),
e Low rank approximation of admissible blocks.

In the above example, the clusters were simply the sets of points x; which
belong to smaller and smaller intervals. Fortunately, the decomposition prob-
lem is only slightly more complicated for general, three-dimensional irregular
point sets. Also, the admissible blocks in the above example are very natural.
They are just blocks outside of the main diagonal. In the general case, we will
need some permutations of rows and columns of the matrix to construct ad-
missible blocks. Finally, the singular value decomposition approximation we
have used, is not applicable for more realistic examples. We will need more
efficient algorithms, namely the Adaptive Cross Approximation (ACA), to
approximate admissible blocks.

Degenerated approximation

In the above example, the approximation of the blocks for separated variables
2 and y is based on the smoothness of the function K for x # y. However, if
the function K is degenerated, i.e. it is a finite sum of products of functions
depending only on x and v,

K(z,y) = Zpi(x)%‘(y)a (3.9)

then the rank of the matrix A defined in (3.1) is equal to r independent of
its dimension. Thus for N, M > r, the matrix A is a low rank matrix. This
property is independent of the smoothness of the functions p;, ¢; in (3.9). The
low rank representation of the matrix A is then

T
_ T
A= E uv;
i=1

with

(ui)r = pi(xr), (vi)e = ¢i(Ye)
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for k=1,...,N and £ = 1,..., M. Note that this representation is not the
singular value decomposition (3.4).

Another possibility to obtain a low rank approximation of a matrix of the
form (3.1) is based on the smoothness. If the function K is smooth enough,
then we can use its Taylor series (cf. [44]) with respect to the variable x in
some fixed point z*,

"1 0K (x*,y i
Ka) = 5 P oy 4 Ry
i=0

to obtain a degenerated approximation

A~ A Zul v; (3.10)

with
, 1 0K (z*, ye)
Y, — — r*) — o\ I
(wi)e = (zx —2%)", (Vi)e = —5
for k =1,...,N and £ = 1,..., M. Again, (3.10) is not the partial singu-
lar value decomposition (3.4) of the matrix A. If the remainder term R, is
uniformly bounded by the original function K satisfying

|| < e[ Ko,

for all  and y with some r = r(g), then we can guarantee the accuracy of the
low rank matrix approximation

|A—Allr <ellAllr (3.11)

for all dimensions N and M. The rank r+1 of the matrix A is also independent
of its dimension. Thus, for N ~ M, the matrix A requires only Mem([l) =
O(N) words of computer memory. However, an efficient construction of the
Taylor series for a given function in the three-dimensional case is practically
impossible. Thus, it is rather an illustration for the fact that there exist low
rank approximations of dense matrices, which are not based on the singular
value decomposition.

A further example of a low rank approximation of a given function is the
decomposition of the fundamental solution of the Laplace equation

1 1

— forz,y e R?
47r|x vl orzx,y

u*(z,y) =

(cf. (1.7)) into spherical harmonics in some point z* with |z — z*| < |y — z*|

o= i 2 () ().

ly — z*|
r—x* y—x*
Tz YT y—o|
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where the Legendre polynomials are defined for |u| < 1 as follows,
1 d

Py(u) =1, Po(u) = ol dun

(w? —1)", forn>1. (3.12)

Note that the Legendre polynomials allow the following separation of variables

Pa(lene)) = 3 YV (o),

m=—n

where Y,7* are the spherical harmonics. See [39, 93] for more details.

3.1.2 Hierarchical clustering

Large dense matrices arising from integral equations have no explicit structure
in general. As a rule, because of the singularity of the kernel function on the
diagonal, i.e. for x = y, these matrices are also not of low rank. However, it
is possible to find a permutation, so that the matrix with permuted rows and
columns contains rather large blocks close to some low-rank matrices with
respect to the Frobenius norm (cf. (3.2)).

Cluster tree

To find a suitable permutation, a cluster tree is constructed by a recursive
partitioning of some weighted, pairwise disjunct, characteristic points

{(xk7gk)7 k:]w"'vN}CR?)XRJr (313)
and
{(ye,cu),€=17~-~,M}CR3><R+ (3.14)

in order to separate the variables x and y. A large distance between two
characteristic points results in a large difference of the respective column or
row numbers.

When dealing with boundary element matrices, the characteristic points
can be

e the mid points z} of the triangle elements 75, with weights g = Ay = ||,
when using piecewise constant basis functions )y (cf. (2.3)),

e the nodes zy, of the grid with weights g = |supp ¢, when using piecewise
linear continuous basis functions ¢y (cf. (2.9)).

A group of weighted points is called cluster if the points are “close” to each
other with respect to the usual distance. A given cluster

Cl:{(xk7gk), k:L...,n}

with n > 1 can be separated in two sons using the following algorithm.
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Algorithm 3.1

1. Mass of the cluster

G:ZQKGRJra

k=1

2. Centre of the cluster
1 n
_ 3
X = e Z gk T € R?,
k=1
3. Covariance matrix of the cluster

C=>" g(wx— X) (- X)" € R,
k=1

4. Eigenvalues and eigenvectors
Cvo;=XNwvy, i=1,2,3, A1 >2X2>X32>0,

5. Separation
5.1 initialisation

Cly =2, Cly =2,
5.2 for k=1,...,n

if (zp — X,v1) >0 then Cly:=Cly U (vk,gx)
else Cly:=Cly U (zg,gx) -

The eigenvector vy of the matrix C' corresponds to the largest eigenvalue of
this matrix and shows in the direction of the longest expanse of the cluster.
The separation plane {x ER? : (z—-X,v1) = 0} goes through the centre
X of the cluster and is orthogonal to the eigenvector v;. Thus, Algorithm 3.1
divides a given arbitrary cluster of weighted points into two more or less equal
sons. In Fig. 3.7, the first two separation levels of a given, rather complicated,
surface are shown. The separation of a given cluster in two sons defines a
permutation of the points in the cluster. The points in the first son will be
numbered first and then the ones in the second son. Algorithm 3.1 will be
applied recursively to the sons, until they contain less or equal than some
prescribed (small and independent of N) number n,,;, of points.

Cluster pairs

Next, cluster pairs which are geometrically well separated are identified. They
will be regarded as admissible cluster pairs, as e.g. the clusters in Fig. 3.8. An
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110

Fig. 3.7. Clusters of the first two levels
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)/
A
A
N7

0.2

Fig. 3.8. An admissible cluster pair

appropriate admissibility criterion is the following simple geometrical condi-
tion. A pair of clusters (Cl,, Cly) with ng > Nyin and my > 7y, elements
is admissible if

min (diam(Clm), diam(C’ly)> < ndist(Clg, Cly), (3.15)

where 0 < 1 < 1 is a given parameter. Although the criterion (3.15) is quite
simple, a rather large computational effort (quadratic with respect to the
number of elements in the clusters Cl, and Cl,) is required for calculating
the exact values

diam(Cl,) = max |zx, —
1,R2
diam(Cl,) = max |y, — ye,|,
£1,L2
dist(Cly, Cly) = minzx — yol .

In practice, one can use rougher, more restrictive, but easily computable
bounds

diam(Cl,) < 2 HII?X|X -z,

diam(C1,) < 2 max|V -y,
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1
dist(Cl,., Cl,) > |X ~ Y| = 5 (diam(Clw) + diam(Cly)> :

where X and Y are the already computed centres (cf. Algorithm 3.1) of the
clusters Cl, and Cl,, for the admissibility condition. If a cluster pair is not
admissible, but ng; > npin and my > Ny are satisfied, then there exist sons
of both clusters

Cl, =Clz1 UClg 2, Cly=Cl,1 UCL, .
For simplicity, let us assume that the cluster Cl, is bigger than Cl,, i.e.
diam(Cl,) > diam(Cl,).

In this case, we have to check the following two new pairs

(czw,h czy) , (czw,g, Cly)

for admissibility, and so on. This recursive procedure stops if n; < N, Or
My < Nynir s satisfied. The corresponding block of the matrix is small, and it
will be computed exactly. The cluster trees for the variables = and y together
with the set of the admissible cluster pairs, as well as the set of the small
cluster pairs allow to split the matrix into a collection of blocks of various sizes.
The hierarchical block structure of the Galerkin matrix for the single layer
potential on the surface from Figs. 3.7-3.8 is shown in Fig. 3.9. The colours
of the blocks indicate the “quality” of the approximation. The light grey
colour corresponds to well approximated blocks, while the dark grey colour
indicates a less good approximation. The small blocks are computed exactly
and they are depicted in black. Thus, the remaining main problem is how
to approximate the blocks which correspond to the admissible cluster pairs,
without using the singular value decomposition. The corresponding procedures
will be described in the following section.

3.2 Block Approximation Methods

3.2.1 Analytic Form of Adaptive Cross Approximation

Let X,Y C R? be two non-empty domains, and let K : X xY — R be a
given function. The following abstract Adaptive Cross Approximation algo-
rithm constructs a degenerated approximation of the function K using nodal
interpolation in some points

{.’131,],‘2,...}CX, {yhyg,...}CY,

which will be determined during the realisation of the algorithm on an adap-
tive way.
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Fig. 3.9. Matrix decomposition

Algorithm 3.2

1. Initialisation
Ro(z,y) = K(z,y), So=0.

2. For +=0,1,2,... compute
2.1. pivot element

(Tiv1, Y1) = ArgMax|R;(z, y)| ,
2.2. normalising constant
Yi+1 = (Ri(xi+layi+1))71 )
2.3. new functions
i1 (2) = Vi1 Ri(2,yi11) , vir1(y) = Ri(®it1,9)
2.4. new residual
Rip1(z,y) = Ri(z,y) — wiv1(2)vit1(y)

2.5. new approximation

Sivi(z,y) = Si(x,y) + uipr(x)vig1(y) .
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The stopping criterion for the above algorithm can be realised in Step 2.1.
corresponding to the condition

|R7"(xay)| S 5|K(I‘,y)| fOI‘ (xay) € X X Y (316)

Algorithm 3.2 produces a sequence of approximations {S;} and an associated
sequence of residuals {R;} possessing the approximation property

K(z,y) = Ri(z,y) + Si(z,y), (z,y) € X xY,i=0,1,....,r  (3.17)
and the interpolation property
Ro(ziy) =0, y€Y, Ru(r,y;) =0, z € X

fori=1,2,...,mand form =1,2,... r. Furthermore, if the function K (z,y)
is harmonic for x # y then its approximations S;(z,y) are also harmonic for
all 7. The residuals {R;} accumulate zeros, and, therefore, the sequence of the
functions {9;} interpolates the given function K (z,y) in more and more points
corresponding to (3.17). If we are interested in computing an approximation
A for a matrix A € RV*M having the entries

akg:K(i’k,gg),k:I,...,N,E:L...,M (318)

for some points (Z,9¢) € X x Y, then the approximation S,(z,y) of the
function K (x,y) can be used to obtain

arpe = Sr(ZTr, Je) = ape -

Due to the stopping criterion (3.16), and due to the approximation property
(3.17), the following estimate obviously holds

1A= Allr < el|Allr,
where || - || denotes the Frobenius norm of a matrix (cf. (3.3)).

Remark 3.3. Step 2.1. of Algorithm 3.2 should be discussed in more details.
It can be very difficult, if not impossible, to solve the maximum problem
formulated there. There are two possibilities to proceed. First, we can look
for the maximum only in a finite set of given points (Zx,9¢). In this case
only the original entries of the matrix A will be used for its approximation.
The algorithm will coincide with the algebraic fully pivoted ACA algorithm as
described in Subsection 3.2.2. The other possibility is to choose some artificial
points and to look for the maximum there. These points can be the zeros
of the three-dimensional Chebyshev polynomials in corresponding bounding
boxes for the sets X, Y. In this case the ACA approximation will be similar
to the best possible polynomial interpolation.
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Remark 3.4. The stopping criterion (3.16) can be applied only if the function
K (z,y) is smooth on (X,Y). If this is not the case, but if the function K is
asymptotically smooth (cf. (3.19)), then we have to decompose the domains
X and Y into two systems of clusters and to approximate the function on
each admissible cluster pair (Cl;, Cl,) separately using Algorithm 3.2. This
decomposition implies the corresponding decomposition of the matrix in a
hierarchical system of blocks.

Using the theory of polynomial multidimensional interpolation, the following
result was proven in [7].

Theorem 3.5. Let the function K(x,y) be asymptotically smooth with respect
toy, i.e. K(z,-) € C®(R3\{z}) for all x € R®, satisfying

0y K (2,y)] < cplz—yl”™", p=la (3.19)

for all multiindices a € N3 with a constant g < 0. Moreover, the matriz
A € RN*M with entries (3.18) is decomposed into blocks corresponding to the
admissibility condition

diam(Cl,) < ndist(Cl,, Cl,), n<1.

Then the matrixz A with M ~ N can be approzimated up to an arbitrary given
accuracy € > 0 using a system of given points (T, Je),

|A—A|lr <e|AllF,
and

Op(A) = Op(A s) = Mem(A) = O(N'T9e%)  for all § > 0.

In Theorem 3.5, Op(A) denotes the number of arithmetical operations re-
quired for the generation of the matrix A, Op(A s) is the asymptotic number
of arithmetical operations required for the matrix-vector multiplication with
the matrix A, and Mem(A) = r(M + N) is the asymptotic memory require-
ment for the matrix A as N — oo. Thus, Theorem 3.5 states that an almost
linear complexity is achieved for these important quantities.

Let us now consider matrices arising from collocation boundary element
methods (cf. Chapter 2). Let I" be a Lipschitz boundary, let

{gag : I' = R, ézl,...,M}
be a given system of basis functions, and let
{x;er, k:l,...,N}

be a set of collocation points. If, for example, I" is the union of plane triangles

(cf. (2.1)),
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N
r=Um=.
(=1

then the most simple collocation method with piecewise constant basis func-
tions

1
W(y)z{O:Z;Z’

can be used. In this case, the collocation points x}, are the midpoints of the
triangles 75,. The corresponding collocation matrix A € R¥*M with

ake:/K(xLy)wg(y)dsy, k=1,..,N,t=1,....M  (3.20)
r

for some kernel function K can be approximated using the following fully
pivoted ACA algorithm.

Algorithm 3.6

1. Initialisation
Ro(l’,y) = K(Z’,y), So=0.

2. For 1=0,1,2,... compute
2.1. pivot element

(kit1,4iy1) = ArgMax /Ri($27y) Ye(y) dsy| ,
T

2.2. normalising constant

-1

Yi+1 = / Ri(l‘z;,prl ) y) ’l/)éi+1 (y) dSy ’
r

2.3. new functions

w1 (&) = Yo / R, ) e, (0) sy, via () = Ri(, ).
I

2.4. new residual
Riy1(z,y) = Ri(z,y) — uwit1(z)vig1(y),
2.5. new approximation

Siv1(z,y) = Si(z,y) + wit1(2)viy1(y) -
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Note that the approximation property (3.17) remains valid for Algorithm
3.6, while the interpolation property (3.18) remains valid only with respect to
the variable z,

Ruy(zy,,y)=0,yel', i=1,2,....m, m=12,...,r. (3.21)

The interpolation property with respect to y changes to the orthogonality

/Rm(x,y)z/}gi(y)dsyzo, xel,i=1,....m, m=1,2,...r. (3.22)
T

For the analysis of Algorithm 3.6, it is useful to introduce the following func-
tions

zmwz/K@ww@wwezunwa
I

having the property ax, = Up(x}), (cf. (3.20)). Using the properties (3.21)
and (3.22), we can conclude that the functions

Orte) = [ S0() vulw)is, (3.23)
r

coincide with Uy for ¢ € {{1,...,¢.}. Moreover, all other functions Uy, i.e.
for £ ¢ {¢1,...,¢.}, are interpolated by the functions (3.23) at points x7},
k € {k1,...,k-}. The approximation A of the collocation matrix A is then
given by the entries

Ay & Qpp = /Sr(m;:vy) d)g(y)dSy :
r

In [9], the interpolation theory of multidimensional Chebyshev polynomials
was used in order to prove Theorem 3.5 for collocation matrices.

A straightforward modification of Algorithm 3.6 leads to an algorithm for
the Galerkin matrix A € RY*M with elements

w=//waw@W@@M% (3.24)
I r

fork=1,...,Nand £=1,...,M. In (3.24), a system of basis functions
{905 ' =R, €:1,...,M}7

may differ from the system of test functions
{wk . I SR, k:l,...,N}.

The Galerkin matrix A can be approximated using the following ACA algo-
rithm.
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Algorithm 3.7

1. Initialisation
Ro(z,y) = K(z,y), So=0.

2. For 1=0,1,2,... compute
2.1. pivot element

(ki+1’€i+1) = ArgMax //Rz(xvy) W(Z/) wk(x) dsy dsz|
rr

2.2. normalising constant

-1

Yi+1l = / /Rl(l‘, y) Plit1 (y) wkwﬂ (l‘) dSy dsy ’
r r

2.3. new functions

ui-i—l(x) = Yi+1 /Rz (Z‘, y) 90&+1 (y) dsy )
r

viar(y) = / Riey) ¥, (2) ds, .

r

2.4. new residual

Ripi(z,y) = Ri(z,y) — uipa ()vipa (y)
2.5. new approximation

Sit1(z,y) = Si(@,y) + it (2)vit1(y) -

The approximation property (3.17) remains valid for Algorithm 3.7, which,
instead of the interpolation property (3.18), possesses the following orthogo-
nalities fori =1,....,m, m=1,2,... r:

/Rm<x,y>wi<y>dsy —0,zer,
I
[ Bty w)ds, =0, yer.
I

It is practically impossible to compute the elements of the Galerkin matrices
corresponding to (3.24) analytically in a general setting. Even in the simplest
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situation, e.g. for plane triangles 7, and by using piecewise constant basis func-
tions, some numerical integration is involved (cf. Chapter 4). If both integrals
in (3.24) are computed numerically, i.e.

e~ Tre = Y Wk b, Wik, K (Th ks Yoky) oo, Uk (@hk, ), (3.25)
ka  ky

where wg k, , we k, are the weights of the quadrature rule (including Jacobians)
and T ,,Yek, are the corresponding integration points, then not the exact
Galerkin matrix A, but its quadrature approximation A will be further ap-
proximated by ACA. The matrix A is, corresponding to (3.25), a finite sum
of matrices as defined in (3.18), multiplied by degenerated diagonal matrices.
Therefore, Theorem 3.5 remains valid for Galerkin matrices, if the relative

accuracy of the numerical integration (3.25) is higher than the approximation
of the matrix A by ACA.

3.2.2 Algebraic Form of Adaptive Cross Approximation

On the matrix level, all three algorithms formulated in Section 3.2.1 can be
written in the fully pivoted ACA form.

Fully pivoted ACA algorithm

Let A € RV*M be a given matrix.
Algorithm 3.8
1. Initialisation

Ro=A, Sy=0.

2. For 1=0,1,2,... compute
2.1. pivot element

(kig1,€iy1) = ArgMax |(R;)pe| ,

2.2. normalising constant

Yi+1 = ((Ri)ki+1f1‘+1)71 )

2.3. new vectors
=~ Ry o =RT
Ui+l = Vi+144€0, 1 5 Vitl = Ly €,y
2.4. new residual

-
Riy1= Ry —uit1v;41
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2.5. new approximation
T
Sit1 = Si + Uit10;41 -

In Algorithm 3.8, e; denotes the jth column of the identity matrix I. The
whole residual matrix R; is inspected in Step 2.1 of Algorithm 3.8 for its
maximal entry. Thus, its Frobenius norm can easily be computed in this step,
and the appropriate stopping criterion for a given € > 0 at step r» would be

1Bl 7 < ellAll -

Note that the crosses built from the column-row pairs with the indices k;, ¢;
for : =1,...,r will be computed exactly

(Sm) g, l=1,.,M,

(Sm) =ag,, k=1,..,.N

fori =1,...,m, m = 1,...,r, while all other elements are approximated.
The number of operations required to generate the approximation A=5,is
O(r? N M). The memory requirement for Algorithm 3.8 is O(IN M), since the
whole matrix A is assumed to be given at the beginning. Thus, Algorithm 3.8
is much faster than a singular value decomposition, but still rather expensive
for large matrices.

The efficiency of Algorithm 3.8 will now be illustrated using the follow-
ing examples. First, we consider the matrix A, generated as in (3.1), for the

function .

K(%y):m7

(cf. (3.6)) on the uniform grid (3.7) for N = M = 32. In Table 3.1 the results of
the application of Algorithm 3.8 are presented. The plot of the initial residual
Ry, i.e. of the function K on the grid, is shown in Fig. 3.10, while the next
three Figs. 3.11-3.13 show the residual Ry for £k = 3,6, and k = 9. The
three-dimensional plots of the residuals Ry(x,y) are presented on the left,
while the corresponding matrices are depicted on the right. Note that the
exactly computed crosses are shown in black, while the remaining grey scales
are adapted to the actual values of the residuals, and, therefore, are different
for all pictures. This example illustrates the behaviour of the fully pivoted
ACA algorithm very clearly. The generation function (3.6) has only a weak
“singularity” at the corner of the computational domain. This singularity is
not important for the low rank approximation and is completely removed after
the first two iterations. Further iterations quickly reduce the relative error of
the approximation.
However, if the “singularity” is on the diagonal as for the function

v
a+(z—y)?

a=10"2

K(z,y) = , a=10"2 (3.26)
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Table 3.1. Fully Pivoted ACA algorithm for the function (3.6)

Step Pivot row Pivot column Pivot value Relative error
1 1 1 1.00- 1072 3.43-107¢
2 2 2 7.91-10%° 1.62- 1071
3 6 6 1.10-10*° 3.66 - 1072
4 28 28 2.25.107! 2.26-1073
5 3 3 6.10 - 1072 8.40-107*
6 13 13 9.87-1073 2.28-107°
7 4 4 3.91-107* 8.85-10°
8 20 20 1.02-1074 2.69-107"7
9 9 9 6.32-107¢ 3.30-1078

10 32 32 1.97-107° 1.13-107°
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Fig. 3.13. Residual Ry for the function (3.6)

(cf. (3.8)), then, as we have already seen, the situation changes. The results of
the computations are presented in Table 3.2 and in the four Figs. 3.14-3.17.
The convergence of the ACA algorithm is now slow, the crosses chosen can
not approximate the main diagonal, because they are too small there. This
illustrates once again the necessity of the hierarchical clustering.
The next function we consider,

K(z,y) = sin® (7(2z + y)), (3.27)

is degenerated corresponding to the definition (3.9), having the exact low rank
r = 7. This function is obviously infinitely smooth. But it is oscillating and
the convergence of Algorithm 3.8 is slow again. The convergence is, of course,
better than for the singular function (3.26), but not really sufficient. However,
after exactly 7 iterations, the error is equal to computer zero. It means that
Algorithm 3.8 has correctly detected the low rank of the function (3.27). The
numerical results can be seen in Table 3.3 and in the four Figs. 3.18-3.21,
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Table 3.2. Fully Pivoted ACA algorithm for the function (3.8)

123

Step Pivot row Pivot column Pivot value Relative error
1 32 32 1.00- 1072 9.35-107¢
2 1 1 9.99 - 10! 8.68-107!
3 17 17 9.69-10"! 7.02-107!
4 9 9 9.63-10"! 5.65-107!
5 25 25 9.53- 10! 4.00-107!
6 5 5 7.32-10"! 3.45-1071
7 21 21 7.32.10M 2.78 107!
8 13 13 7.31-10™1! 1.92 - 1071
9 29 29 6.24 - 101! 1.12-1071

10 3 3 2.53-10"! 1.02-1071
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16

Fig. 3.14. Initial residual for the function (3.8)

Fig. 3.15. Residual R3 for the function (3.8)
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Fig. 3.17. Residual Ry for the function (3.8)

where the initial residual and three sequential residuals (for £ = 2,4, and

k = 6) are shown.

Table 3.3. Fully Pivoted ACA algorithm for the function (3.27)

Step Pivot row

Pivot column

Pivot value

Relative error

32
24
28
20
30
22
26

N O Ut W N

19

3
27
11
23

7
31

1.00 -
1.00 -
-1071
.10t

9.69
9.68

3.05 -
2.88 -
1.17-

10*°
1010

107!
107
107!

8.44 -
6.51 -
4.81-
2.16 -
1.30 -
6.19 -

107!
107!
1071
107!
107!
1072

2.91-1071°




PN
0%
'0'"'

7%

%

3
N

K

i

R o,
R

K
o
N,

G
Wi
RO

R
LR

ol
X
N

3.2 Block Approximation Methods

0 8 16 24

125

16

Fig.
0 16 24 32
0 0
8 T T 8
16 16
24 T T 24
32 32
0 16 24 32

A

A
NN
QU

O

16 24

Fig. 3.20. Residual R4 for the function (3.27)
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Fig. 3.21. Residual Rs for the function (3.27)

Partially pivoted ACA algorithm

If the matrix A has not yet been generated, but if there is a possibility of
generating its entries ayy individually, then the following partially pivoted
ACA algorithm can be used for the approximation:

Algorithm 3.9
1. Initialisation

So:=0, T:=0, J:=2, c:=0cRY, r:=0ecRM.

2. Restart with the next not yet generated row
If

#IT =N or #J =M
then STOP else
kiv1:=min{k : k¢ I}, CrossType := Row,

3. Generate cross
3.1 Type of the cross
If

CrossType == Row

then
3.1.1 Generate row, Update control vector
a:=A"e Z:=TZU{kiz1}, r:=r+|al,

i1

3.1.2 Test
If |a] =0 then GOTO 2. (zero row)
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.1.3 Row of the residual and the pivot column

%

Ty i=a— Z(um)kiJrlvm,

m=1

livq = ArgMax|(ry)e| ,

.1.4 Test
If |ry| =0 then GOTO 4. (linear depending row)
.1.5 Normalising constant

Yi+1 = (rv)z_:rl )

.1.6 Generate column, Update control vector
b:=Ae ., J:=TU{{liz1}, ci=c+|b,
.1.7 Column of the residual and the pivot row
i

Ty = b— Z(vm)giﬂum,

m=1

kiro := ArgMax |(r)k] ,
.1.8 New vectors

Uil = Ty, Vitl = Yit1Tv

else
.2.1 Generate column, Update control vector

bi=Aey, ., , T =T U{lin}, c:=c+ b,

.2.2 Test
If || =0 then GOTO 2. (zero column)
.2.3 Column of the residual and the pivot row

i
Ty i=b— Z(vm)giﬂum,
m=1

kir1 := ArgMax |(ry)k| ,

.2.4 Test
If |ry] =0 then GOTO 4. (linear depending column)
.2.5 Normalising constant

Vi1 = (Tu)iy, s
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3.2.6 Generate row, Update control vector

a:=A" e T :=ZU{kip1}, m:=1r+|a|,

i1
3.2.7 Row of the residual and the pivot column

i

Ty i=a— Z(um)kiﬂvm,

m=1

ArgMax |(ry)¢] ,

livo:
3.2.8 New vectors
Ui+1 = Yi+1Tuy, Vitl = Ty,
3.3 New approximation
Sit1 = S+ Uip1v; 41 5

3.4 Frobenius norm of the approximation

1
ISialF = 1S:l1% +2 ) wloyum vhvies + luipa | F i |1 -

m=1
3.5 Test
If [Juir1|pllvitille <ellSitallr
then GOTO 4

else 1:=12+ 1, GOTO 3
4. Check control vectors
If 3i* ¢ 7 and ¢« =0 then

t:=i+1, kipq1 =1%, CrossType = Row, GOTO 3

or
If 3j* ¢ J and r;» =0 then

i:=i4+1, i1 =3%, CrossType = Column, GOTO 3

else STOP

Algorithm 3.9 starts to compute an approximation for the matrix A by gen-
erating its first row. Then, the first column will be chosen automatically. If
a cross is successfully computed, the next row index is prescribed, and the
procedure repeats. If a zero row is generated, then it is not possible to find
the column, and the algorithm restarts in Step 2. Since the matrix A will not
be generated completely, we can use the norm of its approximant 5; to define
a stopping criterion. This norm can be computed recursively as it is described
in Step 3.4. However, since the whole matrix A will not be generated while
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using the partially pivoted ACA algorithm, it is necessary to check the control
vectors ¢ and r before stopping the algorithm. Note that these vectors contain
the sums of absolute values of all elements generated. If, for example, there
is some index i* ¢ Z with ¢;+ = 0 then the row ¢* has not yet contributed to
the matrix. It can happen that this row contains relevant information, and,
therefore, we have to restart the algorithm in Step 3. The same argumen-
tation is valid for the columns. The only difference is, that the crosses after
this restart will be generated on the different way: first prescribed column and
then automatically chosen row. Thus, Algorithm 3.9 can be used not only for
dense matrices but also for reducible, and even for sparse matrices containing
only few non-zero entries.

Algorithm 3.9 requires only O(r?(N + M)) arithmetical operations and
its memory requirement is O(r(N + M)). Thus, this algorithm is perfect for
large matrices. All approximations of boundary element matrices of the next
chapter will be generated with the help of Algorithm 3.9.

3.3 Bibliographic Remarks

The history of asymptotically optimal approximations of dense matrices is
now about 20 years old. It starts with the paper [93] by V. Rokhlin. The
boundary value problem for a partial differential equation was transformed
to a Fredholm boundary integral equation of the second kind. The Nystrom
method was used for the discretisation, leading to a dense large system of
linear equations. This system was solved iteratively using the generalised con-
jugate residual algorithm. This algorithm requires matrix-vector multiplica-
tions, which were realised in a “fast” manner, leading to optimal costs of order
O(N), or O(N log(N)) for the whole procedure.

Then, the method, which was called Fast Multipole Method, was developed
in the papers [20, 37, 38] for large-scale particle simulations in problems of
plasma physics, fluid dynamics, molecular dynamics, and celestial mechanics.
The method was significantly improved in [39]. Later, the Fast Multipole
Method was successfully applied to a variety of problems. In [39, 84], for
example, we can find its application to the Laplace equation. In [83], the
authors apply the Fast Multipole Method to the system of linear elastostatics
discretised by the use of a Galerkin Boundary Element Method. Many papers
on the Fast Multipole Method are devoted to the Helmholtz equation, see, for
example, [2, 3], where the problem of acoustic scattering was considered, and
[94].

The next method, introduced in [44], is called Panel clustering. This
method was also applied to the potential problems in [43, 44, 46] and for
the system of linear elastostatics in [51].

A further possibility to solve boundary integral equations on an asymp-
totically optimal way is based on the use of Wavelets. This research starts
with the papers [1, 11], where the dense matrices arising from discretisation
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of integral operators were transformed into a sparse form using orthogonal
or bi-orthogonal systems of compactly supported wavelets. The cost of the
matrix-vector multiplication was reduced from the straightforward O(N?)
number of operations to O(N log(N)) or even O(N). In two papers [27, 28],
the authors study the stability and the convergence of the wavelet method
for pseudodifferential operator equations as well as their fast solution based
on the matrix approximation. A different wavelet technique was applied in
[115, 116], leading in [67] to an optimal algorithm with O(N) complexity. For
recent results, see also [48, 49].

In [36], the authors consider an algebraic approach for the approximation
of dense matrices based on the use of some their original entries.

The Adaptive Cross Approximation method was introduced in [7] for
Nystrom type matrices and in [9] for collocation matrices arising from bound-
ary integral equations. This method uses a hierarchical decomposition (cf.
[41, 42]) of the matrix in a system of blocks. There are several applications of
this method to different problems. The ACA was applied to potential prob-
lems in [9, 87]. In [8, 10], the ACA was used for the approximation of matrices
arising from the radiation heat transfer equation. The applications of the ACA
to electromagnetic problems can be found in [16, 63, 64, 65]. In [16] and in
[31], a comparison of the ACA method with the Fast Multipole Method was
given. In [110, 111, 113, 119], the boundary integral equations arising from
the Helmholtz equation were solved using the ACA method.

Finally, we refer to [69], where an algebraic multigrid preconditioners were
constructed for the boundary integral formulations of potential problems ap-
proximated by using the Adaptive Cross Approximation algorithm.
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Implementation
and Numerical Examples

4.1 Geometry Description

In this section we describe some surfaces which will be used for numerical
examples in the following sections. We show the geometry of these surfaces
and give the number of elements and nodes. Furthermore, the corresponding
cluster structures will be shown.

4.1.1 Unit Sphere

The most simple smooth surface I' = 942 for £2 C R? is the surface of the unit
sphere,

F:{zeR3 : |:1:|:1}. (4.1)

As an appropriate discretisation of I', we consider the icosahedron that is
uniformly triangulated before being projected onto the circumscribed unit
sphere. On this way we obtain a sequence {I'y} of almost uniform meshes
on the unit sphere, which are shown in Figs. 4.1-4.2 for different numbers
of boundary elements N. This sequence allows to study the convergence of
boundary element methods for different examples. In Fig. 4.3 the clusters of
the levels 1 and 2 obtained with Alg. 3.1 for N = 1280 are presented. In Fig.
4.4 a typical admissible cluster pair is shown.

4.1.2 TEAM Problem 10

Now we consider the TEAM problem 10 (cf. [75]). TEAM is an acronym for
Testing Electromagnetic Analysis Methods, which is a community that creates
benchmark problems to test finite element analysis software. An exciting coil
is set between two steel channels and a thin steel plate is inserted between the
channels. Thus, the domian consists of four disconnected parts. The coarsest
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Fig. 4.2. Discretisation of the unit sphere for NV = 1280 and N = 5120

mesh of this model contains N = 4928 elements. We perform two uniform
mesh refinements in order to get meshes with N = 19712 and N = 78848
elements, respectively. The initial mesh for N = 4928 is shown in Fig. 4.5.
The speciality of this model is an extremely thin chink (less then 0.2% of the
model size) between the steel plate and the channels. Another speciality of it
is the very fine discretisation close to the edges of the channels. In Fig. 4.6
the clusters of the levels 1 and 2 for N = 4928 are shown.
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-1

Fig. 4.4. An admissible cluster pair for N = 1280

4.1.3 TEAM Problem 24

The test rig consists of a rotor and a stator (cf. [92]). The stator poles are fitted
with coils as shown in Fig. 4.7. The rotor is locked at 22° with respect to the
stator, providing only a small overlap between the poles. The coarsest mesh of
this model is shown in Fig. 4.7 and contains N = 4640 elements. We perform
two uniform mesh refinements in order to get meshes with N = 18560 and
N = 74240 elements, respectively. This model consists of four independent
parts. In Fig. 4.8 the clusters of the levels 1 and 2 for NV = 4928 are shown.

4.1.4 Relay

The simply connected domain shown in Fig. 4.9 will be considered as model
for a relay. The speciality of this domain is the small air gap between the
kernel and the armature. Its surface contains N = 4944 elements. We perform
two uniform mesh refinements in order to get meshes with N = 19776 and
N = 79104 elements, respectively. In Fig. 4.10 the corresponding clusters can
be seen.
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4.2 Laplace Equation
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Fig. 4.5. TEAM problem 10 for N = 4928

4.1.5 Exhaust manifold

A simplified model of an exhaust manifold is shown in Fig. 4.11. Its surface
contains N = 2264 elements. We perform two uniform mesh refinements in
order to get meshes with NV = 9056 and N = 36224 elements, respectively.

The clusters of the level 1 and 2 are presented in Fig. 4.12.

4.2 Laplace Equation

In this section we consider some numerical examples for the Laplace equation
(4.2)

—Au(z) =0

where u is an analytically given harmonic function.

4.2.1 Analytical solutions
Particular solutions of the Laplace equation (4.2) are, for example,
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Fig. 4.7. TEAM problem 24 for N = 4640

Bpoy ke oa () = XD (klxl + koxo + kgxg) VK2 EZ+HE2 =0,

Do.key ks () = (@4 bx1) exp (kgxg + k‘3.233) , k3 +k3=0, (4.3)
@07070((17) = (a1 —+ blxl)(ag —+ b2£]32)((13 —+ bgl‘g) .

Here, k1, ko, and k3 are arbitrary complex numbers satisfying the correspond-
ing conditions. Thus, different products of real valued linear, exponential,
trigonometric and hyperbolic functions can be chosen for numerical tests, if
we consider interior boundary value problems in a three-dimensional, open,
and bounded domain 2 C R3. Furthermore, the fundamental solution of the
Laplace equation (cf. (1.7))

1 1

(z,9) = — 4.4
e (14)

can be considered as a particular solution of the Laplace equation for both,
interior (v € 2, § € 2¢ =R3\ 2), and exterior (z € £2°, § € ) boundary
value problems.

4.2.2 Discretisation, Approximation and Iterative Solution

We solve the interior Dirichlet, Neumann and mixed boundary value problems,
as well as an interface problem using a Galerkin boundary element method
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Fig. 4.8. Clusters of the level 1 and 2, TEAM problem 24 for N = 4640

(cf. Section 2). Piecewise linear basis functions ¢, will be used for the approx-
imation of the Dirichlet datum 'y(i)ntu and piecewise constant basis functions
iy, for the approximation of the Neumann datum ’y.}ntu. We will use the Lo
projection for the approximation of the given part of the Cauchy data. The
boundary element matrices Vj, K; and Dj are generated in approximative
form using the partially pivoted ACA algorithm with a variable relative ac-
curacy €1. The resulting systems of linear equations are solved using some
variants of the Conjugate Gradient method (CGM) with or without precon-
ditioning up to a relative accuracy 5 = 1078,
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4.2.3 Generation of Matrices

The most important matrices to be generated while using the Galerkin bound-

ary element method are the single layer potential matrix V;, and the double
layer potential matrix Kj, having the entries

1 1
= [ fi =1,...,N 4.
Vh[k7£] I // |x—y| dSdew or k,/ ) 14V ( 5)
Tk Te
and
T I

fork=1,...,Nand j=1,..., M (cf. Section 2.3). The analytical evaluation
of these integrals seems to be impossible in general. Thus, some numerical
quadrature rules have to be involved. These quadrature formulae produce
some additional numerical errors in the whole procedure. However, it is pos-

sible to compute the inner integrals of the entries (4.5)—(4.6), namely the
integrals

1 1
= — | — 4.
S(r,2) 47r/|x7y| ds, (@.7)

and
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Fig. 4.10. Clusters of the level 1 and 2, Relay for N = 4944
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Fig. 4.11. Exhaust manifold for N = 2264

1 [ (z—y,n(y)) ,
D7;(7'7 .'L') = E/me(y) dSy for i = 172,3. (48)

Here, 7 C R? is a plane triangle having the nodes 1, zo, z3, and 1), ; is the

piecewise linear function (2.6) which corresponds to the node z;, i.e.

wr,i(mj) = 51']', J = 17273'

The explicit form of these functions can be seen in Appendix C.2. By the use
of the functions (4.7)—(4.8), the matrix entries (4.5)—(4.6) can be rewritten as
follows:

Wtk = 5 ([ Snayds, + [ S ds.) (49)
Tk Te
for k,/=1,...,N and

Knlk,j]= Y / Dy i(r)=a, (T, @) dsg (4.10)
Tel(j)rk

fork=1,...,N, 7=1,..., M. Note that we have used the symmetrisation
for the entries of the single layer potential in (4.9). In (4.10), the summation
takes place over all triangles 7 containing the node z;. The index i € {1, 2,3}
of the function D; to be integrated over 7y, is chosen in such a way, that
the node ¢ of the triangle 7 is z;. We are not going to compute the latter
integrals in (4.9)—(4.10) in a closed form. Thus, some numerical integration
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I

Fig. 4.12. Clusters of the level 1 and 2
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has to be involved. If we denote by Ng the number of integration points, by
wy, the weights of the quadrature, and by z, ., the integration points within
the triangle 7, then the exact entries (4.9)—(4.10) can be approximated by

N
1 9
Vilk, ()= 5 [ wm (S(m,xmm) + S(Tk,xTz,m)) (4.11)
m=1
for k,£=1,...,N and
Ng
Kh[kvj] ~ Z Z WmDi:a:i('r):mj (T, m‘rk,m) (412)
Tel(j) m=1
fork=1,...,N and j = 1,..., M. For our numerical tests, we have used a

7-point quadrature rule, see Appendix C.1 for more details.

4.2.4 Interior Dirichlet Problem

Here we solve the Laplace equation (4.2) together with the boundary condition
Yty (z) = g(x) for 2 € I', where I' is a given surface. The variational problem

(1.16)

<Vt,w>F _ <(%1 n K)g,w>F for all w € H~Y/2(I)

is discretised, which leads to a system of linear equations (2.16)
~ 1
Vit = (§Mh+Kh>g.

Since the matrix V}, is symmetric and positive definite, the classical Conjugate
Gradient method (CGM) is used as solver.

Unit sphere

The analytical solution is taken in the form (4.3). For x = (z1,z2,73)" € £2
we consider the harmonic function

u(z) = Re Po 27 127 = (1 + 1) exp(27 x2) cos (27 z3) (4.13)

as a test solution of the Laplace equation (4.2). The results of the computa-
tions are shown in Tables 4.1 and 4.2. The number of boundary elements is
listed in the first column of these tables. The second column contains the num-
ber of nodes, while in the third column of Table 4.1, the prescribed accuracy
for the ACA algorithm for the approximation of both matrices K; € RV*M
and Vj, € RV*N is given. The fourth column of this table shows the memory
requirements in MByte for the approximate double layer potential matrix K.
The quality of this approximation in percentage of the original matrix is listed
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Table 4.1. ACA approximation of the Galerkin matrices K; and V},

N M €1 MByte(Kp) % MByte(V4) %

80 42 1.0-1072 0.03 97.8 0.02 48.7
320 162 1.0-1073 0.26 65.6 0.21 27.2
1280 642 1.0-107% 2.45 39.1 1.94 15.5
5120 2562 1.0-107° 20.05 20.0 15.72 7.9
20480 10242 1.0-1076 149.19 9.3 115.83 3.6
81920 40962 1.0-1077 1085.0 4.2 837.50 1.6

:‘11_

=H

R 1 i T Lo

Fig. 4.13. Partitioning of the BEM matrices for N = 5120 and M = 2562

in the next column. The corresponding values for the single layer potential
matrix V}, can be seen in the columns six and seven. The partitioning of the
matrix for N = 5120 as well as the quality of the approximation of single
blocks is shown in Fig. 4.13. The left diagram in Fig. 4.13 shows the sym-
metric single layer potential matrix Vj, while the rectangular double layer
potential matrix K} is depicted in the right diagram. The legend indicates
the percentage of memory needed for the ACA approximation of the blocks
compared to the full memory. Further numerical results are shown in Table
4.2. The third column in Table 4.2 shows the number of Conjugate Gradient
iterations needed to reach the prescribed accuracy 5. The relative Ly error
for the Neumann datum
int 7
Error; = I = thllss ) (4.14)

V™ ull o)

is given in the fourth column. The next column represents the rate of con-
vergence for the Neumann datum, i.e. the quotient between the errors in two
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Table 4.2. Accuracy of the Galerkin method, Dirichlet problem

N M Iter Errory CF, Errors CFy

80 42 22 9.34-107! - 7.29.107° -
320 162 32 5.06-107! 1.85 3.29.107! 22.16
1280 642 45 2.23-107¢ 2.27 3.53-1072 9.32
5120 2562 56 1.04-1071 2.14 3.54-1073 9.97
20480 10242 72 5.11-1072 2.03 411-107* 8.61
81920 40962 94 2.53.1072 2.02 4.30-107° 9.56

consecutive lines of column four. Finally, the last two columns show the ab-
solute error (cf. (2.19)) in a prescribed inner point z* € (2,

Errory = Ju(z*) — a(z*)|, =* = (0.250685, 0.417808,0.584932) ", (4.15)

for the value @(z*) obtained using an approximate representation formula
(2.18). Table 4.2 obviously shows a linear convergence O(N~1/2) = O(h) of
the Galerkin boundary element method for the Neumann datum in the Lo
norm. It should be noted that this theoretically guaranteed convergence order
can already be observed when approximating the matrices K; and Vj, with
much less accuracy as it was used to obtain the results in Table 4.1. However,
this high accuracy is necessary in order to be able to observe the third order
(or even better) pointwise convergence rate within the domain {2 presented
in the last two columns of Table 4.2. Especially for NV = 81920, a very high
accuracy of e = 1.0- 1077 of the ACA approximation is necessary.
In Figs. 4.14-4.15, the given Dirichlet datum and computed Neumann da-
tum for N = 5120 boundary elements and M = 2562 nodes are presented.
The numerical curve obtained when using an approximate representation
formula in comparison with the curve of the exact values (4.13) along the line

-0.3 0.6
z(t)=| 05+t |10],0<t<1 (4.16)
—0.7 1.4

inside of the domain 2 is shown in Fig. 4.16 for N = 80 (left plot) and
for N = 320 (right plot). The values of the numerical solution @ and of the
analytical solution u have been computed in 512 points uniformly placed on
the line (4.16). The thick dashed line represents in these figures the course
of the analytical solution (4.13), while the thin solid line shows the course of
the numerical solution @. The values of the variable x; along the line (4.16)
are used for the axis of abscissas. The next Fig. 4.17 shows these curves for
N = 1280 (left plot) and on the zoomed interval [0.2,0.3] (right plot) with
respect to the variable x1 in order to see the difference between them. It is
almost impossible to see any optical difference between the numerical and
analytical curves for higher values of N. Note that the point z* in (4.15) is
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Fig. 4.15. Computed Neumann datum for the unit sphere, N = 5120
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Fig. 4.16. Numerical and analytical curves for N = 80 and N = 320, Dirichlet
problem
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Fig. 4.17. Numerical and analytical curves for N = 1280, Dirichlet problem

chosen close to the minimum of the function u along the line, where the error
seems to reach its maximum.

TEAM Problem 10
The analytical solution is now taken in the form (4.4) with § = (0,60, 50) .
The results of the computations are shown in Tables 4.3 and 4.4. The third

Table 4.3. ACA approximation of the Galerkin matrices K and Vj, Dirichlet
problem

N M €1 MByte(Kp) % MByte(V4) %
4928 2470 1.0-1072 14.03 15.11 7.46 4.0
19712 9862 1.0-1073 131.85 8.9 65.22 2.2
78848 39430 1.0-107% 1190.00 5.0 604.56 1.3

column shows the number of iterations required by the Conjugate Gradient
method with diagonal preconditioning

D:diag{|7-g|, E:l,...,N}. (4.17)
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Table 4.4. Accuracy of the Galerkin method, Dirichlet problem

N M Iter Errory CF, Errors CFy
4928 2470 91 6.02-107! - 2.55.107° -
19712 9862 183 1.99 - 107! 3.02 4.69-107° 5.44
78848 39430 248 1.13-107¢ 1.76 5.22-1077 8.98

The last two columns of Table 4.4 show the absolute error (cf. (2.19)) in a
prescribed inner point z* € 2,

Errorg = |u(z*) — a(z*)|, =* = (0.0,90.0,49.7943) ", (4.18)

for the value @(z*) obtained using the approximate representation formula
(2.18). All other entries in these tables have the same meaning as those dis-
played in Tables 4.1-4.2. In Figs. 4.18-4.19 the given Dirichlet datum and the
computed Neumann datum for N = 4928 boundary elements and M = 2470
nodes are presented. The numerical curve obtained when using the approxi-

8. 4120E-03

4. 3880E-03

3. 6407E-04

Fig. 4.18. Given Dirichlet datum for the TEAM problem 10

mate representation formula in comparison with the curve of the exact values
(4.4) along the line
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Fig. 4.19. Computed Neumann datum for the TEAM problem 10

0.0 0.0
z(t) = 90.0 |+t | 00],0<t<1 (4.19)
—49.99 99.98

inside of the domain 2 is shown in Fig. 4.20 for N = 4928. The values of the
numerical solution @ and of the analytical solution u have been computed in
512 points uniformly placed on the line (4.19). The thick dashed line represents
the course of the analytical solution (4.4), while the thin solid line shows the
course of the numerical solution @. The values of the variable x3 along the
line (4.19) are used for the axis of abscissas. The right plot in this figure
shows a zoomed picture on the interval [40,49.99] with respect to the variable
x3. Note that the end of the line (4.19) is very close to the boundary of the
domain, which lies at x3 = 50. Thus, the loss of accuracy of the numerical
representation formula close to the boundary can be clearly seen. The courses
of the numerical solutions obtained for N = 19712 (left plot) and N = 78848
(right plot) are shown in Fig. 4.21. They do not distinguish optically from the
course of the analytical solution on the whole interval. Thus, we show only
the zoomed pictures.

4.2.5 Interior Neumann Problem

We consider the interior Neumann boundary value problem with the boundary
condition ¥ y(z) = g(z) for z € I". The variational problem (1.29)
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Fig. 4.20. Numerical and analytical curves for N = 4928, Dirichlet problem
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Fig. 4.21. Numerical and analytical curves for N = 19712 and N = 78848

(Do) + (w1), {o1), = {51 - K)o, + 1),

for all v € H/ (I"), is discretised and leads to a system of linear equations
(cf. (2.31))

1
(Dh+@QT)E = <§M;T—K11T)g+ag,

where the vector a € RM contains the integrals of the piecewise linear basis
functions ¢y over the surface I,

1
ag:§|supp90g|, gil,aM

The symmetric and positive definite system is then solved using a Conjugate
Gradient method up to the relative accuracy €5 = 1075.

Unit Sphere

We consider again the harmonic function (4.13) as the exact solution. The
results for the ACA approximation of the matrix D;, € RM*M are presented
in Table 4.5. The corresponding results for the matrix K ;Lr are identical to
those already presented in Table 4.1. Note that in this example, the Galerkin
matrix with piecewise linear basis functions for the hypersingular operator is
generated according to (1.9). The partitioning of the matrices K, and D}, for
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Table 4.5. ACA approximation of the Galerkin matrix Dy, Neumann problem

N M €1 MByte(Dp) %

80 42 1.0-1072 0.01 51.2
320 162 1.0-1073 0.10 48.1
1280 642 1.0-107% 1.02 32.3
5120 2562 1.0-107° 8.67 17.3
20480 10242 1.0-1076 64.75 8.09
81920 40962 1.0-1077 446.13 3.49

N = 5120 and M = 2562 as well as the quality of the approximation of the
single blocks are shown in Fig. 4.22. The left diagram in Fig. 4.22 shows the

= = | ] [ | _l:E .o
. EPI e = Sl W= g
e i
s e | T
= Hs A

[

== - 'ﬂ"“ B
CHNN: . e e

Fig. 4.22. Partitioning of the BEM matrices for N = 5120 and M = 2562.

rectangular double layer potential matrix K hT € RMXN " while the symmetric
hypersingular matrix Dj, is depicted in the right diagram. The legend indicates
the percentage of memory needed for the ACA approximation of the blocks
compared to the full memory. The accuracy obtained for the whole numerical

Table 4.6. Accuracy of the Galerkin method, Neumann problem

N M Iter Errory CFy Errors CFy
80 42 10 7.63-1071 - 9.37-107!
320 162 14 2721071 2.81 1.95-107°
1280 642 17 6.02-1072 4.52 4.27-107¢ 4.56
5120 2562 25 1.37-1072 4.39 1.01-1071 4.22
20480 10242 35 3.28 1073 4.18 2.49.1072 4.08
81920 40962 51 8.02-107* 4.09 6.13-1073 4.06

procedure is presented in Table 4.6. The numbers in this table have the same
meaning as in Table 4.2. The third column shows the number of iterations
required by the Conjugate Gradient method without preconditioning. Note
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that the convergence of the Galerkin method for the unknown Dirichlet datum
in the Ly norm
int I~
uU— U
ET’]"OT’l _ ||IYO — hHLZ(F) (420)
70" ullLo(r)

is now quadratic corresponding to the error estimate (2.32). Also in the inner
point z* (cf. (4.15)) we now observe the quadratic convergence (7th column) as
it was predicted in (2.34) instead of the cubic order obtained for the Dirichlet
problem (cf. Table 4.2). This fact is clearly illustrated in Figs. 4.23-4.24, where
the convergence of the boundary element method can be seen optically. The
results obtained for N = 80 are plotted in Fig. 4.23 (left plot). The numerical

Fig. 4.23. Numerical and analytical curves for N = 80 and N = 320, Neumann
problem

curve in Fig. 4.23 (right plot) is notedly better than the previous one. However,
its quality is not as high as the one of the corresponding curve obtained solving
the Dirichlet problem (cf. Fig. 4.16). The next Fig. 4.24 shows the same curves
for N = 1280 and for N = 5120. Here, we do not need to zoom the pictures in
order to see the difference between the numerical and the analytical curves.

-10

-12.5

-15

Fig. 4.24. Numerical and analytical curves for N = 1280 and N = 5120, Neumann
problem
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Exhaust Manifold

The analytical solution is taken in the form (4.4) with § = (0,0,0.06)". The
results of the computations are reported in Tables 4.7 and 4.8. The third

Table 4.7. ACA approximation of the Galerkin matrices K} and V;, Neumann
problem

N M €1 MByte(K}) % MByte(V4) %
2264 1134 1.0-1073 6.99 35.7 3.94 10.1
9056 4530 1.0-107% 62.27 19.9 34.99 5.6

36224 18114 1.0-107° 500.66 10.0 282.44 2.8

Table 4.8. Accuracy of the Galerkin method, Neumann problem

N M Iter Errory CF, Errors CFy
2264 1134 72 2.12-1072 - 2.69-1073 —
9056 4530 110 4.95.1073 4.3 5.36-107* 5.0

36224 18114 163 1.13-1073 4.4 1.07-107% 5.0

column shows the number of iterations required by the Conjugate Gradient
method with diagonal preconditioning,

D:diag{|supp<pg|, €:17...,M}. (4.21)

The last two columns of Table 4.8 show the absolute error (cf. (2.34)) in a
prescribed inner point z* € (2,

Errory = lu(z*) — a(z*)|, * = (=0.0112524,0.1,-0.05) ",  (4.22)

for the value @(z*) obtained using an approximate representation formula
(2.33). All other entries in these tables have the usual meaning. The quadratic
convergence of the Dirichlet datum in the Ls norm as well as the quadratic
convergence (or even slightly better) in the inner point z* can be observed
again.
In Figs. 4.25-4.26 the given Dirichlet datum and computed Neumann da-
tum for N = 2264 boundary elements and M = 1134 nodes are presented.
The numerical curve obtained when using an approximate representation
formula in comparison with the curve of the exact values (4.4) along the line

—0.05 0.2
z(t) = 01 |+t|00],0<t<1 (4.23)
—0.05 0.0
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Fig. 4.25. Computed Dirichlet datum, exhaust manifold
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Fig. 4.26. Given Neumann datum, exhaust manifold
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inside of the domain 2 is shown in Fig. 4.27 for N = 2254 and N = 9056,
while Fig. 4.28 shows the results obtained for N = 36224 (left plot). The right
plot in this figure presents the same curve on a zoomed interval [—0.05, 0.05].
The values of the numerical solution 4 and of the analytical solution u have
been computed in 512 points uniformly placed on the line (4.23). The thick
dashed line represents the course of the analytical solution (4.4), while the
thin solid line shows the course of the numerical solution u. The values of the
variable z1 along the the line (4.23) are used for the axis of abscissas. Again,
a quite high accuracy of the Galerkin BEM can be observed.

-0.05 0 0. 05 0.1 0.15 -0.05 0 0. 05 0.1 0.15

Fig. 4.27. Numerical and analytical curves for N = 4944 and N = 19776
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Fig. 4.28. Numerical and analytical curves for N = 36224

4.2.6 Interior Mixed Problem

Here, we consider the interior mixed boundary value problem (cf. (1.34))
—Au(z) =0 for x € (2,
Aity(z) = g(a)  for z € Ip, (4.24)
Aty (z) = f(z)  for w € Iy,

where the function g is the interior trace of the exact solution on the boundary
I', while the function f denotes its interior conormal derivative on I'. After
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discretisation, the variational problem (1.35) leads to the skew symmetric
system of linear equations (cf. (2.36))

Vi —Kpn AN Vi My, + Ky, f
K Dy a) \im]-EK] -Dy g

The matrix of the single layer potential V}, and the matrix of the double
layer potential K are generated in an approximative form using the partially
pivoted ACA algorithm 3.9 with increasing accuracy. The system of linear
equations (2.41) is then solved using the Conjugate Gradient method for the
Schur complement system as in (2.37) up to the relative accuracy 5 = 1075,
Note that this realisation requires an additional solution of a linear system
with the single layer potential matrix in each iteration step. This system is
solved again using a Conjugate Gradient method up to the relative accuracy
€9 = 1078, The matrix of the hypersingular operator is not generated explic-
itly. Its multiplication with a vector is realised using the matrix of the single
layer potential as it is described in (2.27).

Unit Sphere

In the first example, we prescribe the Dirichlet datum on the upper part of
the unit sphere I'p = {& € I" : 23 > 0} and the Neumann datum on the lower
part I'y = {z € I' : x3 < 0}. The analytical solution is taken in the form
(4.13) and the numerical results are presented in Tables 4.9-4.10. Of course,

Table 4.9. Accuracy of the Galerkin method on the boundary, mixed problem

N M Itery Iters D — Errory CFp N — Error, CFn

80 42 8  18-19 5.97-107! - 8.78 107! -
320 162 11 25-27 2.33-107¢ 2.56 4.54-1071 1.93
1280 642 16 36-38 5.00 - 1072 4.66 2.11-107¢ 2.15
5120 2562 24 49-53 1.14-1072 4.39 1.02-107! 2.07
20480 10242 36 64-75 2.73-1073 4.18 5.07-1072 2.01

the results for the ACA approximation of the matrices V}, and K} are the
same as for the Dirichlet problem (cf. Table 4.1). The accuracy obtained for
the mixed boundary value problem is presented in Table 4.9. The numbers in
this table have the following meaning: The third column in Table 4.9 shows
the number of Conjugate Gradient iterations without preconditioning needed
to reach the prescribed accuracy es for the Schur complement, while the fourth
column indicates the numbers of Conjugate Gradient iterations without pre-
conditioning needed in each iteration step for the system with the single layer
potential matrix. Thus, the total number of iterations when solving a mixed
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boundary value problem is much higher than for solving a pure Dirichlet or
Neumann boundary value problem. The error for the Dirichlet datum and the
convergence factor are shown in columns 5 and 6, while the corresponding
error for the Neumann datum can be seen in columns 7 and 8. Note that
the convergence of the Galerkin method for the unknown Dirichlet datum in
the Lo norm (4.20) is quadratic (6th column), while the convergence of the
Neumann datum (4.14) is linear (8th column). Corresponding to Table 4.1,
the matrices K; and V}, together with some additional memory will require
more than 2 Gbyte of memory for N = 81902. Thus, we are not able to store
both these matrices on a regular workstation. The error in the inner point x*

Table 4.10. Accuracy of the Galerkin method in the inner point x*, mixed problem

N M ETTOTQ CF2

80 42 5.82-107° .
320 162 4.94.1071 11.77
1280 642 1.43-1071 3.46
5120 2562 3.68 1072 3.88
20480 10242 9.31-1073 3.95

(cf. (4.15)) can be observed in Table 4.10. Here, quadratic convergence can be
observed, at least asymptotically.

TEAM Problem 10

Here, we consider the mixed boundary value problem for the Laplace equation
in the domain presented in Fig. 4.5. The Dirichlet part of the boundary I is
defined by I'p = {# € I' : x3 = 50}. Thus, Dirichlet boundary conditions
are given only on the “top” of the coil. The analytical solution is taken in
the form (4.4) with § = (0.0,60.0,50.0)7 ¢ §2 and the numerical results are
presented in Table 4.11. The meaning of the values presented in this table is

Table 4.11. Accuracy of the Galerkin method on the boundary, TEAM problem
10

N M Iter, Iters D — Errory CFp N — Errory CFn

4928 2470 1061 90-95 3.04-1072 - 6.04-107" -
19712 9862 1732 118-123 7.60-1073 4.00 2.03- 107" 2.98

the same as in Table 4.9. The third column in Table 4.11 shows the number of
Conjugate Gradient iterations with diagonal preconditioning (4.21) needed to
reach the prescribed accuracy €5 for the Schur complement, while the fourth
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column indicates the number of Conjugate Gradient iterations with diagonal
preconditioning (4.17) needed in each iteration step for the system with the
single layer potential matrix. Note that the number of iterations is rather
high for this geometrically very complicated example. Thus, a more effective
preconditioning is required. The courses of the numerical solution inside of
the domain (2 along the line (4.19) is very similar to those presented in Figs.
4.20-4.21. The Cauchy data can be seen in Figs. 4.18-4.19.

TEAM Problem 24

Here, we consider the mixed boundary value problem for the Laplace equation
in the domain presented in Fig. 4.7. The Dirichlet part of the boundary I' is
defined by I'p = {x € I : &3 > 0}. Thus, the Dirichlet boundary condition is
given on the upper part of the symmetric surface I'. The analytical solution
is taken in the form (4.4) with § = (0.0, —80.0,20.0) " ¢ {2 and the numerical
results are presented in Table 4.12 The meaning of the values presented in this

Table 4.12. Accuracy of the Galerkin method on the boundary, TEAM problem
24

N M Itery Iters D — Errory CFp N — Errory CFn
4640 2320 48 72-78 2.56-1072 - 3.08-107! -
18560 9280 71 93-102 4.67-1073 5.48 1.48-107! 2.08

table is the same as in Table 4.11. We have used the same preconditioning as
in the previous example. The number of iterations reported in the third and
in the fourth columns of the table is now much less. In Figs. 4.29-4.30 the
Dirichlet datum and the Neumann datum for N = 4944 boundary elements
and M = 2474 nodes are presented. The numerical curve obtained when
using an approximate representation formula in comparison with the curve of
the exact values (4.4) along the line

0.0 0.0
z(t) = | —1000 | +¢ | 400 | ,0<t<1 (4.25)
0 0

inside of the domain 2 is shown in Fig. 4.31 for N = 4640. The values of the
numerical solution @ and of the analytical solution u have been computed in
512 points uniformly placed on the line (4.25). The thick dashed line represents
the course of the analytical solution (4.4), while the thin solid line shows the
course of the numerical solution @. The values of the variable x5 along the
the line (4.25) are used for the axis of abscissas. The course of the numerical
approximation does not optically distinguish from the exact solution on the
left plot of Fig. 4.31. Thus, we show the zoom of these curves on the interval
[—84, —76] (right plot).
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1.1279E-02

5. 8440E-03

4. 0923E-04

Fig. 4.29. Computed Dirichlet datum for the TEAM problem 24

1. 3945E-03

5. 5593E-04

-2. 8372E-04

Fig. 4.30. Computed Neumann datum for the TEAM problem 24
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0.004 0.00398
0.0038
0. 00396
0. 0036
0.0034 0.00394
0.0032
0. 00392
0.003
0. 0028
100 290 280 -70 60 -84 -82 -80 -78 -76

Fig. 4.31. Numerical and analytical curves for N = 4640, Mixed problem

4.2.7 Inhomogeneous Interface Problem

The purpose of this subsection is twofold. The first goal is to illustrate the

numerical solution of the Poisson equation by the use of a particular solution

(cf. Subsection 1.1.7). The second goal is to illustrate the numerical solution

for an interface problem by Boundary Element Methods (cf. Subsection 1.1.8).
We consider the following interface problem

—o; Aui(x) = fi(x) forxz € 2, —acAuc(z)=0 forxe 2°  (4.26)

with transmission conditions describing the continuity of the potential and of
the flux, respectively,

'Y(ijntui(x) = VgXtue(x)a ai7%ntui(x) = ae’Y%\Xtue(I) forzel, (427)

and with the radiation condition
1
lue(z)| = O = as |z| — oo.
|z
If a particular solution u! of the interior Poisson equation is known,
—a; Auf (x) = fi(z) forx e (2,

then the above interface problem can be reformulated as follows (cf. Subsection
1.1.8). Introduce a new unknown function u} by

w =u; +ul
and rewrite the interface problem in terms of the functions u; and wu.
—o;Auf(z) =0 forxze 2, —acAuc(z)=0 forze 02°,

with new transmission conditions

Y (2) = 7§, (2) — 1l (),

ai’ﬁntuf (x) = Oée’YthUe(d?) - ai'ﬁntuf(m) forxzel.
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Then, by the use of the interior and exterior Steklov-Poincaré operators gint
and S (cf. (1.13), (1.46))

t t . int t t t
,ﬁnu*_sln,yln ;ﬂ7 ,ﬁx U, = — S exu

we rewrite the interface problem as (cf. (1.59))

€

’L

(aiSint + aeSeXt)’y(l)ntu* _ —0417th D OzeseXt’y(i)ntuﬁ) ) (4.28)
Once the Dirichlet datum 'ymt u; is found, we solve the interior Dirichlet
boundary value problem for the Neumann datum 'ymt ¥. The Cauchy data
for the unknown functions u; and u,. are then obtained via

int ext _ _int int p mt Qe ext int int p
Yo i =Y Ue = Ui TV Ui, Y1 Ui= oL te=m ui +7

Unit Sphere

Let I" be the surface of the unit sphere (4.1). The constants a;,a. and the
right hand side f; in (4.26) are

ai=a.=1, filx)=1, forxe .

The exact solution of this simple model problem is
3—|z|?
ui(x) = 3= lel”

6 ' % €, wulx)=
Consider the function

1
e 0°. 4.29
3’ ° € (4.29)

ub(z) = —%x%, forz € 2
as a particular solution of the Poisson equation.

The Galerkin method with piecewise linear basis functions ¢, for the
Dirichlet data q/})ntuz = 7§, and vmt * and with piecewise constant ba-
sis functions 1), for the Neumann data 'ymtuZ = 7%ty and vmtu» will be
used. The matrix of the single layer potential V}, and the matrix of the double
layer potential K} are generated in an approximative form using the par-
tially pivoted ACA algorithm 3.9 with increasing accuracy ;. The resulting
system of linear equations (cf. (2.45)) is then solved using the Conjugate Gra-
dient method without preconditioning up to the relative accuracy e, = 1075.
The accuracy obtained for the analytical solution (4.29) is presented in Table
4.13. The numbers in this table have the following meaning. The third column
in Table 4.13 shows the number of Conjugate Gradient iterations needed to
reach the prescribed accuracy 5 for the linear system (2.45). The error for
the Dirichlet datum and the convergence factor are shown in columns 4 and 5,
while the corresponding error for the Neumann datum can be seen in columns
6 and 7. Note that the convergence of the Galerkin method for the unknown
Dirichlet datum in the Lo norm (4.20) is quadratic (5th column), while the
convergence of the Neumann datum (4.14) is linear (7th column).
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Table 4.13. Accuracy of the Galerkin method on the boundary, interface problem

N M Iter D — Errory CFp N — Errory CFn

80 42 8 8.47.1072 - 1.65- 1071 -
320 162 12 2221072 3.82 7.99 1072 2.07
1280 642 17 5.59-1073 3.97 3.88 - 1072 2.06
5120 2562 22 1.40-1073 3.99 1.92-1072 2.02
20480 10242 33 3.50-107* 4.00 9.55.107° 2.01

4.3 Linear Elastostatics

In this section we consider two numerical examples for the mixed boundary
value problem of linear elastostatics (cf. (1.79))

Zgijo'l](y’x)o fOI‘I’EQ,Z‘:]wQ)B?

Wtu(e) = gla)  forw € I, (4.50)

Aty (z) = f(x)  forx € Iy,

where u is the displacement field of an elastic body initially occupying some
bounded open domain 2 € R? with boundary I = TpUTN.

4.3.1 Generation of Matrices

The most important matrices to be generated while using the Galerkin bound-
ary element method for the mixed boundary value problem (4.30) are the
single layer potential matrix VLame and the double layer potential matrix
K}I;ame (cf. 2.4), having the representation (2.48) and (2.51), respectively.
Thus, in addition to the single and double layer potential matrices (V}, and
K},) for the Laplace operator, six additional dense matrices V;; 5, € RN*V for
1 < i < j < 3 have to be generated corresponding to (cf. (2.50))

zj — ;)
Vijnlk, €] = 47r// |x—y|3 dsydsy .

Tk Te

Using the abbreviation (cf. Appendix C.2.3)

Sij(m,x) = i/ (i — yi)(w; *Z/j)dsw

A |z —yf?
J

the above entries can be written in a symmetrised form
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1
Vijnlk, €] = 5(/Sij(n,gg) ds,, +/Sij(7k,x) dsx).

Tk Te

The explicit form of the functions S;; can be seen in Appendix C.2.3. The
remaining integrals in the above symmetric form of the matrix entries Vj;
can be computed numerically using a 7-point quadrature rule, see Appendix
C.1.

4.3.2 Relay

The geometry of the domain is shown in Fig. 4.32. The bottom of the relay
is chosen to be the Dirichlet part I'p of the boundary I' and the boundary
condition is homogeneous, i.e.

Yty (z) =0, forxelp={zel :z3=0}.

The remaining part of the boundary is then considered as the Neumann
boundary, where only on the top of the domain inhomogeneous boundary
conditions are formulated,

Ay () = {

We choose the Young modulus £ = 114000 and the Poisson ratio v = 0.24
that correspond to the values of steel. The original domain is shown in Fig.
4.32 for N = 4944 The matrix of the single layer potential V}, for the Laplace
operator (cf. (2.49)), six matrices of the single layer potential V}, for the Lame
operator (cf. (2.50)), and the matrix of the double layer potential K}, (cf.
(2.51)) for the Laplace operator are generated in an approximative form using
the partially pivoted ACA algorithm 3.9 with increasing accuracy. The system
of linear equations is then solved using the Conjugate Gradient method for
the Schur complement of the system (cf. (2.47)) up to the relative accuracy
€5 = 1078, Note that this realisation requests an additional solution of a
linear system with the single layer potential matrix in each iteration step. This
system is solved again using Conjugate Gradient method up to the relative
accuracy €3 = 108, The matrix of the hypersingular operator is not generated
explicitly. Its multiplication with a vector is realised using the matrix of the
single layer potential as it is described in Section 2.4.

The results of the approximation are presented in Tables 4.14-4.16. The
number of boundary elements is listed in the first column of these tables. The
second column contains the number of nodes, while the prescribed accuracy
for the ACA algorithm for the approximation of all matrices K; € RV*M
and Vi, Vie s, € RNXN 'L ¢ =1,2,3 is given in the third column. The pairs of
further columns of these tables show the memory requirements in MByte and
the percentage of memory compared to the original matrix. The deformed

O,zel :x3<10,
1l,2el : x3=10.
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Fig. 4.32. Relay for N = 4944

Table 4.14. ACA approximation of the Galerkin matrices V}, and K},

N M €1 Vi % K %
4944 2474 1.0-1074 37.24 20.0 52.96 56.8
19776 9890 1.0-107° 258.65 8.7 326.45 10.9

Table 4.15. ACA approximation of the Galerkin matrices V11,5, Viz,n and Vis

N M €1 Vit % Vian % Viz,n %

4944 2474 1.0-107* 46.03 24.7 46.75 25.1 45.74 24.5
19776 9890 1.0-107° 435.61 14.6 433.91 14.5 402.00 13.5
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Table 4.16. ACA approximation of the Galerkin matrices Vaa n, V23,5 and Vas p,

N M €1 Vao,n % Vas,n % Vas,n %

4944 2474 1.0-1074 47.21 25.3 46.78 25.1 45.75 24.5
19776 9890 1.0-1075 463.43 15.5 415.98 13.9  421.66 14.1

5. 3390E-01

2.5840E-01
-1. 7101E-02
Fig. 4.33. Deformation of the relay for N = 4944
Table 4.17. Number of iterations, Relay problem
N M Iter, Iters
4944 2474 286 26-28
25-29

19776 9890 368
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domain can be seen from the same point of view in Fig. 4.33. In this figure,
the real deformation is amplified by a factor 10. In Table 4.17, the number
of iterations required by the Conjugate Gradient method is shown. The third
column of this table shows the number of iterations for the Schur comple-
ment equation (2.47), while the fourth column shows the number of iterations
required for the iterative solution of the linear system for the single layer po-
tential in each iteration step. The required accuracy was o = 1078 for both
systems.

4.3.3 Foam

The geometry of the domain, which is a model for a metal foam, is shown
in Fig. 4.34. The speciality of this domain is its multiple connectivity and
rather small volume compared to its surface. There is only one discretisation
of the domain with N = 28952 surface elements. The bottom and the top of
the foam are chosen to be the Dirichlet part I'p of the boundary I', and the
boundary condition is homogeneous on the bottom, i.e.

W(i)ntg(x) =0, forzel :z3=0,
while a prescribed constant displacement is posed on the top, i.e.
’y(i)ntg(x) =(0,0,0.1)", forzel :a3=15.

The remaining part of the boundary is then considered as the Neumann
boundary, where homogeneous boundary conditions are formulated:
A0ty () =0, forzel :0<az3<]15.

We choose the Young modulus £ = 114000 and the Poisson ratio v = 0.24
that correspond to the values of steel. The original domain is shown in Fig.
4.34 for N = 28952. The matrix of the single layer potential V}, for the Laplace
operator (cf. (2.49)), six matrices of the single layer potential V}, for the Lame
operator (cf. (2.50)), and the matrix of the double layer potential K} (cf.
(2.51)) for the Laplace operator are generated in an approximative form us-
ing the partially pivoted ACA algorithm 3.9. The system of linear equations
is then solved using a Conjugate Gradient method for the Schur complement
system (cf. (2.47)) up to the relative accuracy e = 1078, Note that this real-
isation requires an additional solution of a linear system with the single layer
potential matrix in each iteration step. This system is solved again using a
Conjugate Gradient method up to the relative accuracy e = 1078, The ma-
trix of the hypersingular operator is not generated explicitly. Its multiplication
with a vector is realised using the matrix of the single layer potential as it is
described in Section 2.4.

The results of the approximation are presented in Tables 4.18-4.20. The
number of boundary elements is listed in the first column of these tables.
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Fig. 4.34. Foam for N = 28952

The second column contains the number of nodes while in the third column
the prescribed accuracy for the ACA algorithm for the approximation of all
matrices K;, € RY*M and Vi, Vien, € RV*N k¢ = 1,2,3 is given. The
pairs of further columns of these tables show the memory requirements in
MByte and the percentage of memory compared to the original matrix. The

Table 4.18. ACA approximation of the Galerkin matrices V}, and K},

N M €1 Vh % Kh %
28952 14152 1.0-107% 260.66 4.1 496.58 15.9

deformed domain can be seen from the same point of view in Fig. 4.35. In
this figure, the real deformation is amplified by a factor 100. The number of
iterations required by the Conjugate Gradient method is shown in Table 4.21.
In this table, the third column shows the number of iterations for the Schur
complement equation (2.47), while the number of iterations required for the
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Table 4.19. ACA approximation of the Galerkin matrices V11,5, Viz,n and Vis

Viin % Viz %o Vis,n %o

N M €1
6.5 418.55 6.5

1.0-107* 398.36 6.2 417.94

28952 14152

Table 4.20. ACA approximation of the Galerkin matrices Vaz 5, Vas,n, and Vas p,
% Vis,n %

N M €1 Vaa,n % Vas,n
402.36 6.3 415.22 6.5 398.93 6.2

28952 14152 1.0-107%

1. 0000E-01
i< 4. 4986E-02
&

-1. 0028E-02

Fig. 4.35. Deformation of the foam for N = 28952

iterative solution of the linear system for the single layer potential in each
iteration step can be seen in the fourth column. The required accuracy was

€9 = 1078 for both systems.

4.4 Helmholtz Equation
In this section we consider some numerical examples for the Helmholtz equa-

tion
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Table 4.21. The number of iterations, Foam problem

N M Iter, Iters
28952 14152 253 19-21
—Au(x) — K*u(z) = 0, (4.31)

where u is an analytically given function.

4.4.1 Analytical Solutions

Particular solutions of the Helmholtz equation (4.31) are, for example,
D, ko ks (T) = €Xp (z (k1x1 + koxo + k3x3)) k2 k2 4+ k2 = K2
Do ks ks () = (a + bxy) exp (z (koxo + k3x3)> , k2 k2= K2, (4.32)
Do,0,0(z) = (a1 + bix1)(az + baxa) exp (z K a:3) .

Here k1, ko and ks are arbitrary complex numbers satisfying the corresponding
conditions. Thus, different products of linear, exponential, trigonometric, and
hyperbolic functions can be chosen for numerical tests, if we consider interior
boundary value problems in a three-dimensional open bounded domain {2 C
R3. Furthermore, the fundamental solution

1 ezn\zfﬂ
(x,9) = — —— 4.33
v = 3 T (13)
can be considered as a particular solution of the Helmholtz equation (4.31)
for both, interior (z € 2, § € 2° =R3\ 2), and exterior (z € 2°, § € 2)
boundary value problems.

4.4.2 Discretisation, Approximation and Iterative Solution

We solve the interior and exterior Dirichlet and Neumann boundary value
problems using a Galerkin boundary element method (cf. Section 2). Piecewise
linear basis functions ¢, will be used for the approximation of the Dirichlet
datum 'yéntu and piecewise constant basis functions 1 for the approximation
of the Neumann datum V%ntu. We will use the Ly projection for the approxi-
mation of the given part of the Cauchy data. The boundary element matrices
Vi, K1, and C}, are generated in an approximative form using the complex
valued version of the partially pivoted ACA algorithm 3.9 with a variable rel-
ative accuracy 1. The resulting systems of linear equations are solved using
the GMRES method with or without preconditioning up to a relative accuracy

Eo = 1078,
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4.4.3 Generation of Matrices

The most important matrices to be generated while using the Galerkin boun-
dary element method for boundary value problems for the Helmholtz equation
(4.31) are the single layer potential matrix Vi, 5, (cf. (2.53)),

colz—]
Vien[k, f] = //|x— dsyds,

Tk Te

and the double layer potential matrix K, ; (cf. 2.58),

Konlk,j] = /:/ (1= 1nfe— yf)ernten 2= = @=0:80)) . ()ds,ds,

—y?

Furthermore, when solving the Neumann boundary value problem for the
Helmholtz equation, the matrix of the hypersingular operator (cf. (2.62))

Dn h Za]]
1 etrlz—yl
47_(_ // ‘.’E _ y| Curll—‘@j(y)am1“<pi(x))dsydsa: -
r
K2 m|3: y\
4W//‘ (5)1(2)(a(o).a(0) s, s,
r

has to be involved. The first part of this formula corresponds for kK = 0 to
the hypersingular operator for the Laplace equation, and, therefore, can be
handled in the same way, i.e. these entries are some linear combinations of the
entries of the matrix of the single layer potential V., ;. It remains to generate
an additional matrix Cj, j,, having the entries

etrlz— y\
Cronlis ] //| ()i (@) (), n(y))dsyds, . (4.34)

To generate the entries of the single layer potential matrix V,; , numerically,
we rewrite (2.53) as follows:

erlr—yl _
Vﬂyh[kag] Vb h k f // dsydsz .
|z -y

Tk Te
In the above, the entries V »[k, €] are the entries of the single layer potential
matrix of the Laplace operator, and, therefore, can be computed as it was
discussed in Section 4.2.3. The remaining double integral has no singularity
for  — y, and can be computed numerically, using the 7-point quadrature
rule (cf. Appendix C.1) for each triangle.
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For the double layer potential matrix, the same idea leads to the following
decomposition:

I’@h[k .]]:
Konlk,J] +—// (1= e —yl)er et = 1) BB s s,

—y?

Again, the first part of this decomposition belongs to the double layer potential
matrix of the Laplace operator, while the second part has no singularity for
x — y. Thus, the 7-point quadrature rule can be applied again. However, the
numerical integration with respect to the variable y has to be done over all
triangles in the support of the basis function ¢; for each integration point
with respect to the variable x. Therefore, the generation of the matrix entries
for the double layer potential matrix for the Helmholtz equation is by far more
complicated than for the Laplace equation.

However, the most complicated numerical procedure is required when gene-
rating the entries of the matrix Cj, j, corresponding to (4.34). Using the same
decomposition as for the previous matrices, we get

etrlz—yl _
Cronlis ] = Counli 4] + / / L s )i () (), n(y) sy ds,

In the above, the second summand has no singularity for z — y, and the 7-
point quadrature rule can be applied again. Note that in this case, the quadra-
ture rule has to be applied to every triangle in the support of the function
v;, and, for each of its integration points, to every triangle in the support of
the function ;. Furthermore, a symmetrisation is necessary in order to keep
the symmetry of the matrix C, ;. Fortunately, the first summand Cp i, j]
does not require some additional analytical work. Since the normal vectors
n(x) and n(y) are constant within the single triangles in the supports of the
functions ¢; and ¢;, these integrals can be computed using the symmetrised
combination of the analytical integration and of the 7-point quadrature rule.

4.4.4 Interior Dirichlet Problem

Here we solve the Helmholtz equation (4.31) together with the Dirichlet

boundary condition v{™u(z) = g(z) for z € I', where I is a given surface.

The variational problem (1.106)
1
(Vit,w)p = <(§I + Kﬂ)g,w>r for all we H-Y*(I)
is discretised and leads to a system of linear equations

~ 1
Virl = (§Mh + K,i7h)g. (4.35)
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The matrix V; ; of this system is symmetric. This property can be used in
order to save computer memory while generating the matrix. However, the
matrix is not selfadjoint, and, therefore, the Conjugate Gradient method can
not be used. Thus, for an iterative solution of the system (4.35), the complex
GMRES method will be used instead.

Unit Sphere

The analytical solution is taken in the form (4.32). For z = (1,72, 23)" € 2
we consider the function

u(z) = Dy o34 = 4T1XD(2 \/gxg) exp(tdxs), (4.36)

which satisfies the Helmholtz equation (4.31) for k = 2. The results of the
computations for this rather moderate wave number are shown in Tables 4.22
and 4.23. The number of boundary elements is listed in the first column of

Table 4.22. ACA approximation of the Galerkin matrices K, n and Vi n

N M &1 MByte(Kp) %  MByte(Vh) %
80 42 1.0-1072 005  99.9 005 504
320 162 1.0-107° 066  84.0 055  35.0
1280 642  1.0-107* 6.08 485 502 20.1
5120 2562 1.0-107° 49.05 245 3946  9.86
20480 10242 1.0-10°° 357.90  11.2 280.60  4.47

these tables. The second column contains the number of nodes, while in the
third column of Table 4.22 the prescribed accuracy for the ACA algorithm for
the approximation of both matrices K 5, € CN*M and Vien € CN*N ig given.
In this table, the fourth column shows the memory requirements in MByte
for the approximate double layer potential matrix K, ». The quality of this
approximation in percentage of the original matrix is listed in the next column,
whereas the corresponding values for the single layer potential matrix Vj, ;, can
be seen in the columns six and seven. The third column in Table 4.23 shows
the number of GMRES iterations needed to reach the prescribed accuracy eo,
while the relative Lo error for the Neumann datum,
||Vintu - fh”Lz(r)
int

™ ull L,y

Errory =

)

is given in the fourth column. The next column represents the rate of conver-
gence for the Neumann datum, i.e. the quotient of the errors in two consecutive
lines of column four. Finally, the last two columns show the absolute error (cf.
(2.56)) in a prescribed inner point z* € {2,
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Table 4.23. Accuracy of the Galerkin method, Dirichlet problem

N M Iter Errory CF, Errors CFy

80 42 21 6.98- 107! - 3.12-107° -
320 162 29 3.13-107! 2.23 8.68 1072 36.00
1280 642 37 1.45-1071 2.16 7.42.1073 11.70
5120 2562 46 7.03-1072 2.06 7.37-107% 10.06
20480 10242 57 3.48 - 1072 2.02 7.74-107° 9.52

Errory = |u(z*) — @(z*)|, =* = (0.28591,0.476517,0.667123) T, (4.37)

for the value @(z*) obtained using the approximate representation formula
(2.55). Table 4.23 obviously shows a linear convergence O(N~/2) = O(h) of
the Galerkin boundary element method for the Neumann datum in the Lo
norm. It should be noted that this theoretically guaranteed convergence order
can already be observed when approximating the matrices K, j, and Vj; j, with
much less accuracy as it was used to obtain the results in Table 4.22. However,
this high accuracy is necessary in order to be able to observe the third order
(or even better) pointwise convergence rate within the domain {2 presented
in the last two columns of Table 4.23.

In Figs. 4.36-4.37, the given Dirichlet datum (real and imaginary parts)
for N = 1280 boundary elements is presented. The computed Neumann
datum is presented in Figs. 4.38 (real part) and 4.39 (imaginary part). The
numerical curves obtained when using an approximate representation formula
in comparison with the curve of the exact values (4.36) along the line

~0.3 0.6
zt)=| -05 |+t |10],0<t<1 (4.38)
—0.7 1.4

inside of the domain 2 are shown in Fig. 4.40 for N = 80 and in Fig. 4.41
for N = 320. The values of the numerical solution @ and of the analytical
solution u have been computed in 512 points uniformly placed on the line
(4.38). In these figures, the thick dashed line represents the course of the
analytical solution (4.36), while the thin solid line shows the course of the
numerical solution @. The values of the variable x5 along the the line (4.38)
are used for the axis of abscissas. The left plots in these figures correspond
to the real parts of the solutions while the imaginary parts are shown on the
right. The next Fig. 4.42 shows these curves for NV = 1280, but on the zoomed
interval [0.3, 0.5] with respect to the variable x5 in order to see the very small
difference between them. It is almost impossible to see any optical difference
between the numerical and analytical curves for higher values of N. Note that
the point z* in (4.37) is chosen close to the maximum of the function Imwu
along the line where the error seems to reach its maximum.

Thus, for the moderate value of the wave number k = 2, the quality of
numerical results on the unit sphere is almost the same as for the Laplace
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Fig. 4.38. Computed Neumann datum (real part

Fig. 4.39. Computed Neumann datum (imaginary part) for the unit sphere,

1280



176 4 Implementation and Numerical Examples

o A w N PO
[ N
a N o w

3
P

)

Fig. 4.41. Numerical and analytical curves for N = 320, Dirichlet problem

w

Fig. 4.42. Numerical and analytical curves for N = 1280, Dirichlet problem

equation. The ACA approximation is good, the number of GMRES iterations
is low without any preconditioning, and it grows corresponding to the theory
and, finally, the theoretical linear convergence order of the Neumann datum
on the surface I" as well as the cubic convergence order in the inner points of
the domain {2 are perfectly illustrated.

Unit Sphere. Multifrequency Analysis

Since the Helmholtz equation provides an additional parameter, the wave
number k, it is especially interesting and important to study the behaviour of
our numerical methods with respect to this parameter. The quality of the ma-
trix approximation, the number of iterations needed to solve the correspond-
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ing linear systems, and, of course, the accuracy of the whole procedure are of
special interest. We will now solve the Helmholtz equation for a fixed discreti-
sation of the surface I" but for a sequence of wave numbers & € [Kmin, Kmaz]-

If Im k # 0, then the inner Dirichlet boundary value problem is uniquely
solvable. The situation is different for Im x = 0. In this case the uniqueness
holds only if x2 is not an eigenvalue of the Laplace operator subjected to
homogeneous Dirichlet boundary conditions,

—Au(z) = Au(z) forze 2, ~A™u(z)=0 forzel,

(cf. Section 1.4). For general I', the eigenvalues of the Laplace operator are
not known and it can happen that one or even several of them belong to the
interval [Kmin, Kmaz]- In this case some difficulties will occur when solving
the discrete problem. Now we are going to illustrate the situation. The exact
eigenfunctions and eigenvalues on the unit ball {2 are analytically known and
can be represented in spherical coordinates

cos p sin 6
x=op| sinpsing |, 0<p<1l,0<p<2r,0<0<n
cos 6
as follows
Int1/2(Hn,m0) .
uk,n,m(@v ®, 0) = % Pn,\k\ (COS 0) € ke ’ (439)
with

meN, neNy, [kl<n.
In (4.39), ftn,m are the zeros of the Bessel functions J,41/2. Pn are the

associated Legendre polynomials

Pri(u) = (=1)F (1 - “2)k/2 j_; Pu(w)

defined for
luf <1, k=0,...,n, néeNy.

The Legendre polynomials P, are given in (3.12). The corresponding eigen-
values are

2
)\n,m = Mn,m .

For n = k = 0 and m € N, the eigenvalues and the eigenfunctions are of an
especially simple form. In this case we use

/2 sinz
JI/Q(Z): ; \/z

and obtain
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u0,0,m(Qv 2 0) = me ) m € N. (440)

Thus, the corresponding critical values of x are
K= pom=1mm, mecN.

In particular, k = 7 is a critical value.

We solve the boundary value problem for the Dirichlet boundary value
problem for the Helmholtz equation (4.31) having the analytical solution
(4.33) with § = (1.1,0.0,0.0) T ¢ 2. We will use 17 uniformly distributed val-
ues of k on the interval [3.1,3.2]. The discretisation of the boundary will be a
polyhedron having N = 320 boundary elements (cf. Fig. 4.1). The following
figures illustrate the results: In Fig. 4.43, the Lo error of the Neumann datum
is shown as a function of k in the left plot. The right plot shows the number
of GMRES iterations needed to reach the relative accuracy es = 1078 of the
numerical solution of the linear system (2.57). Thus, a significant jump of the

42

41
0.735
40

39
0.725

38

%1 312 314 316 318 3 31 3.12  3.14  3.16  3.18 3.2

Fig. 4.43. Multifrequency computation for N = 320, Dirichlet problem

accuracy is displayed for the value k = 3.1750. Also, a significant increase of
the number of iterations can be seen close to the critical value Kk = 3.1750.
The quality of the ACA approximation of the matrices K, , and Vj ;, is more
or less the same for all values of the parameter x on this rather small interval.
Thus we can deduce that the value of the parameter k2 = 3.17502 is close to
the eigenvalue of the Dirichlet boundary value problem for the Laplace equa-
tion in the polyhedron (2;, with N = 320 elements. This value is remarkably
close to the first eigenvalue 72 of the continuous problem. However, the dis-
crete values of the parameter x will never meet the correct eigenvalue exactly
and, probably, the closeness to the eigenvalue will not be detected. In this
situation quite wrong results can be obtained. We illustrate this fact in the
next three figures where the real parts (left plots) and the imaginary parts
(right plots) of the analytical solution (thick dashed lines) and of the numer-
ical solution (thin solid lines) are presented for three values of the parameter
k = 3.15,3.175,3.2. We can see that the numerical solution differs signifi-
cantly from the analytical one for k = 3.175, while the numerical results for
Kk = 3.15 and k = 3.2 are quite good for this rather rough discretisation.



4.4 Helmholtz Equation 179

Fig. 4.44. Numerical and analytical curves for k = 3.15 and N = 320, Dirichlet
problem

Fig. 4.45. Numerical and analytical curves for k = 3.175 and N = 320, Dirichlet
problem

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 -0.3 -0.2 -0.1 0 0.1 0.2 0.3

Fig. 4.46. Numerical and analytical curves for k = 3.2 and N = 320, Dirichlet
problem

In the next example, we solve the Dirichlet boundary value problem on the
polyhedron 2, with N = 1280 elements for 65 values of the wave number s
uniformly distributed on the interval [0, 16]. Thus, the first value corresponds
to the Laplace operator.

In Figs. 4.47-4.48 we show how the ACA approximation quality of the
matrices K, 5 and Vj; , depends on the wave number. The left plots in these
figures present the memory requirements in MByte, while the right plots show
the same result in percentage compared to the full memory for e; = 1074
The linear dependence of the memory requirement of the wave number is
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clearly indicated by these numerical tests. Also this example shows the loss
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Fig. 4.47. Approximation of the double layer potential matrix K, » for N = 1280
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Fig. 4.48. Approximation of the single layer potential matrix Vi, ; for N = 1280

of the accuracy close to the critical values of the parameter . In Fig. 4.49, we
present again the Lo norm of the error for the Neumann datum (left plot) and
the number of GMRES iterations (right plot) as functions of the wave number
k. The left plot in Fig. 4.49 clearly shows a total loss of accuracy close to the

200

150

100

0.4 50
0 2.5 5 7.5 10 12.5 15 0 2.5 5 7.5 10 12.5 15

Fig. 4.49. Multifrequency computation for N = 1280, Dirichlet problem

wave number x = 13.0. If we plot the analytical and the numerical values
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of the solution of the boundary value problem for three subsequent points
12.75,13.0 and 13.25 for the parameter x we can see this loss of accuracy
optically. The results are presented in Figs. 4.50-4.52. It is remarkable that

-0.4 -0.2 0 0.2 0.4

Fig. 4.50. Numerical and analytical curves for k = 12.75 and N = 1280, Dirichlet
problem

Fig. 4.51. Numerical and analytical curves for x = 13.0 and N = 1280, Dirichlet
problem
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-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4

Fig. 4.52. Numerical and analytical curves for k = 13.25 and N = 1280, Dirichlet
problem

only one critical value (close to 47) of the wave number x was detected on
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the interval [0, 16]. This fact is due to the rather big step of 0.25 with respect
to K, which was used in the above example.

Exhaust Manifold

The analytical solution is taken in the form (4.33) with ¢ = (0,0,0.06) " and
k = 80, which is moderate compared to the rather small dimension of the
domain (cf. Fig. 4.11). The results of the computations are shown in Tables
4.24 and 4.25. The third column shows the number of iterations required

Table 4.24. ACA approximation of the Galerkin matrices K, n and Vi n

N M €1 MByte(Ky,n) % MByte(Vi.n) %
2264 1134 1.0-1073 16.62 42.4 11.82 15.1
9056 4530 1.0-1074 137.86 22.0 97.08 7.8

36224 18114 1.0-107° 1046.80 10.5 696.65 3.5

Table 4.25. Accuracy of the Galerkin method, Dirichlet problem

N M Iter Errory CF, Errors CFy
2264 1134 177 3.10-107! - 8.88-1073 -
9056 4530 208 1.40-107¢ 2.2 1.08-1073 8.2

36224 18114 244 5.83-1072 2.4 9.27-107° 11.7

by the GMRES method without preconditioning. The fourth column displays
the Lo error of the Neumann datum, while the next column shows its linear
convergence. The last pair of columns of Table 4.25 shows the absolute error
(cf. (2.56)) in a prescribed inner point x* € (2,

Errory = Ju(z*) — a(z*)|, =* = (0.145303,0.1, —0.05) " (4.41)

for the value @(z*) obtained using an approximate representation formula
(2.55). Finally, the last column of this table indicates the cubic (or even better)
convergence of this quantity.

In Figs. 4.53— 4.54, the real part and the imaginary part of the given
Dirichlet datum are presented. The computed Neumann datum is presented
in Figs. 4.55-4.56, where again the left plot corresponds to the real part of
the Neumann datum, while the imaginary part is shown on the right. The
numerical curve, obtained when using an approximate representation formula
in comparison with the curve of the exact values (4.33) along the line
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1. 2070E+00
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NE:‘“AV ) -5.9464E-01
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-2. 3963E+00

Fig. 4.53. Given Dirichlet datum (real part) for the exhaust manifold

4. 7306E+00

1. 5706E+00

-1. 5894E+00

Fig. 4.54. Given Dirichlet datum (imaginary part) for the exhaust manifold
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3. 6341E+02

1. 3407E+02

-9. 5273E+01

Fig. 4.55. Computed Neumann datum (real part) for the exhaust manifold

1. 9587E+02

6. 7482E+01

-6. 0909E+01

Fig. 4.56. Computed Neumann datum (imaginary part) for the exhaust manifold
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—0.05 0.2
x(t) = 01 |+t{00],0<t<1 (4.42)
—0.05 0.0

inside of the domain {2 is shown in Figs. 4.57-4.58 for N = 2264 and corre-
spondingly for NV = 9056. The values of the numerical solution @ and of the
analytical solution u have been computed in 512 points uniformly placed on
the line (4.42). The thick dashed line represents the course of the analytical
solution (4.33) while the thin solid line shows the course of the numerical so-
lution @. The values of the variable x; along the line (4.42) are used for the
axis of abscissas. Note that the numerical solution for N = 9056 perfectly

-0.05 0 0.05 0.1 0.15 -0.05 0 0. 05 0.1 0.15

Fig. 4.57. Numerical and analytical curves for the exhaust manifold for N = 2264

0.4
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0.2 0.2
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-0.2 _0.2
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-0.05 0 0.05 0.1 0.15 -0.05 0 0. 05 0.1 0.15

Fig. 4.58. Numerical and analytical curves for the exhaust manifold for N = 9056

coincides with the analytical curves.

4.4.5 Interior Neumann Problem

We consider the interior Neumann boundary value problem for the Helmholtz
equation with the boundary condition v (z) = g(z) for x € I". The varia-
tional problem (1.109)

<D,{ﬂ,v>r = <(%I — K;>g,v>F for all v € HY/?(I')
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is discretised and leads to a system of linear equations (cf. (2.61))
1
Dy pu = (thT *KIh)Q

The symmetric but complex valued system is then solved using the GMRES
method up to the relative accuracy 5 = 1078,

Unit Sphere

We consider again the harmonic function (4.36) as the exact solution. The
results for the ACA approximation of the matrix Cy, , € CMXM are presented
in Table 4.26. The corresponding results for the matrices K i ;, for the compu-
tation of the right hand side of the above system and V. , Wthh will be used
for the multiplication with the matrix D,, j, are identical to those already pre-
sented in Table 4.22. Note that in this example the complex valued Galerkin

Table 4.26. ACA approximation of the Galerkin matrix Cy 5, Neumann problem

N M €1 MByte(Cl.r) %

80 42 1.0-1072 0.01 51.2
320 162 1.0-1073 0.20 49.1
1280 642 1.0-107* 2.15 34.2
5120 2562 1.0-107° 17.53 17.5
20480 10242 1.0-107° 126.29 7.89

matrix Cj, j, with piecewise linear basis functions is generated. This is a rather
time consuming procedure. Thus, a quite good approximation of this matrix is
especially important when using the ACA algorithm. The accuracy obtained

Table 4.27. Accuracy of the Galerkin method, Neumann problem

N M ITter Error, CF, Errors CFy

80 42 10 4.94-107! - 2.15-107° -
320 162 17 1.25-1071 3.95 4.72-1071 4.67
1280 642 25 2.75-1072 4.55 1.09 - 1071 4.32
5120 2562 37 6.41-1072 4.29 2.60-1072 4.19
20480 10242 46 1.55-1072 4.14 6.41-1073 4.05

for the whole numerical procedure is presented in Table 4.27. The numbers in
this table have the usual meaning. The third column shows the number of it-
erations required by the GMRES method without preconditioning. Note that
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the convergence of the Galerkin method for the unknown Dirichlet datum in
Ly norm,

int ~
u—u
E’I"'I"OTl - HrYO int h||L2(F) )
HP)/O u”Lz(F)

is now quadratic corresponding to the estimate (2.67). In the inner point z*,
we now observe quadratic convergence (7th column), as it was predicted in
(2.67), instead of the cubic order obtained for the Dirichlet problem (cf. Table
4.23). This fact is clearly illustrated in Figs. 4.59-4.61, where the convergence
of the boundary element method can be seen optically. The results obtained
for N = 80 are plotted in Fig. 4.59, where the left plot shows the course of the
real part of the solution, while the imaginary part is presented on the right.
The numerical curves in Fig. 4.60 are notedly better than the previous ones.
However, their quality is not as high as of the corresponding curves obtained
while solving the Dirichlet problem (cf. Fig. 4.41).

0
-0.05 0 0. 05 0.1 0.15 -0.05 0 0.05 0.1 0.15

ol =
-0.05 0 0.05 0.1 0.15 -0.05 0 0.05 0.1 0.15

Fig. 4.60. Numerical and analytical curves for N = 320, Neumann problem

Exhaust Manifold

The analytical solution is taken in the form (4.33) with § = (0,0,0.06) " and
k = 10, which is rather small compared with the dimension of the domain (cf.
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-0.05 0 0.05 0.1 0.15 -0.05 0 0.05 0.1 0.15

Fig. 4.61. Numerical and analytical curves for N = 1280, Neumann problem

Fig. 4.11). We will consider bigger values of the wave number, when studying
the multifrequency behaviour of the problem. This small value of x is well
situated to demonstrate convergence properties of the Galerkin BEM for a
regular value of the wave number. The results of the computations are shown
in Tables 4.28 and 4.29. The quality of the ACA approximation of the ma-

Table 4.28. ACA approximation of the Galerkin matrices K, n and Vi n

N M €1 MB(KK,}L) % MB(VK,h) % MB(Cth) %
2264 1134 1.0-1073 13.81 35.3 8.29 10.6 4.54 23.1
9056 4530 1.0-107* 124.86  20.0 72.14 5.8 40.33 12.9

36224 18114 1.0-107° 998.19 9.9 580.32 2.9 35461 7.1

trix Cy pn, can be seen in columns eight and nine of the Table 4.28. The third

Table 4.29. Accuracy of the Galerkin method, Neumann problem

N M Iter Errory CFy Errors CFy
2264 1134 177 2.26-1072 - 1.40-1073 -
9056 4530 201 5.20-1073 4.3 2.92.1074 4.8

36224 18114 244 1.21-1073 4.3 4.90-107° 5.9

column shows the number of iterations required by the GMRES method with
diagonal preconditioning (4.21). The fourth column displays the Lo error of
the computed Dirichlet datum, and the next column shows its quadratic con-
vergence. Column six of Table 4.29 displays the absolute error (cf. (2.67)) in
a prescribed inner point z* € (2,

Errory = |u(z*) — a(z*)|, =* = (0.0740705,0.1,-0.05) ", (4.43)
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for the value @(z*) obtained using an approximate representation formula
(2.65). Finally, the last column of this table indicates the quadratic (or even
better) convergence of this quantity.

The Cauchy data obtained when solving the Neumann boundary value
problem is optically the same as for the Dirichlet boundary value problem
and can be seen in Figs. 4.53— 4.54. The numerical curve obtained when using
an approximate representation formula in comparison with the curve of the
exact values (4.36) along the line (4.42) inside of the domain {2 is shown
in Figs. 4.62-4.63 for N = 2264, and, correspondingly, for N = 9056. The
values of the numerical solution % and of the analytical solution u have been
computed in 512 points uniformly placed on the line (4.42). The thick dashed
line represents the course of the analytical solution (4.33) while the thin solid
line shows the course of the numerical solution %. The values of the variable
x1 along the the line (4.16) are used for the axis of abscissas. Note that
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\
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-0.05 0 0.05 0.1 0.15 -0.05 0 0.05 0.1 0.15

Fig. 4.62. Numerical and analytical curves for the Neumann Problem, N = 2264
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Fig. 4.63. Numerical and analytical curves for the Neumann Problem, N = 9056

the numerical solution for N = 9056 perfectly coinsides with the analytical
curves.
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Exhaust Manifold. Multifrequency Analysis

Here we solve the Neumann boundary value problem for the Helmholtz equa-
tion on the surface, depicted in Fig. 4.11, for 17 uniformly distributed values
of the wave number x on the interval [16,24]. In Fig. 4.64, we present the
Ly norm of the error for the computed Dirichlet datum (left plot) and the
number of GMRES iterations (right plot) as functions of the wave number &.
The left plot in Fig. 4.64 clearly shows a total loss of accuracy close to the

92.5

0.3
90

0.25
87.5

0.2
85
0.15 82.5
0.1 80
0.05 77.5

16 18 20 22 24 16 18 20 22 24

Fig. 4.64. Multifrequency computation for N = 2264, Neumann problem

wave numbers k = 17.5 and £ = 20.5. If we plot the analytical and the numer-
ical values of the solution of the boundary value problem for three subsequent
points 17.0,17.5, and 18.0 for the parameter x, we can see this loss of accuracy
optically. The results are presented in Figs. 4.65-4.67. Thus, the numerical

-0.05 0 0. 05 0.1 0.15

Fig. 4.65. Numerical and analytical curves for k = 17.0 and N = 2264, Neumann
problem

solution is quite wrong for x = 17.5, while it is acceptable for k = 17.0 and
k= 18.0.

The picture is similar, if we consider the numerical and the analytical
solutions for x = 20.0,20.5, and x = 21.0.

Note that the quality of the approximation of the boundary element ma-
trices Ky p, Vi,n, and Cy p, is more or less constant for all values of the wave
number x on the whole interval [16, 24].
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Fig. 4.66. Numerical and analytical curves for k = 17.5 and N = 2264, Neumann
problem

-0.05 0 0.05 0.1 0.15

Fig. 4.67. Numerical and analytical curves for k = 18.0 and N = 2264, Neumann
problem

4.4.6 Exterior Dirichlet Problem

Here, we solve the Helmholtz equation (4.31) in £2¢ = R?\ 2 together with
the boundary condition 7§X'u(x) = g(z) for x € I', where I' = 912 is the
boundary of the surface 2. The variational problem (1.116)

<Vﬁt,w>F = <( — %I—!— K,i)g,w>F for all w e H_l/Q(F)

is discretised and leads to a system of linear equations (cf. (2.57))

~ 1
Vint = (* §Mh + Kﬂ,h)g'

The matrix Vj; j, of this system is identical with the corresponding matrix of
the interior boundary value problem. Thus, in this subsection, we will choose
different values of the wave number x compared with those used in Subsection
4.4.6.

Unit Sphere

The analytical solution is taken in the form (4.33) for § = (0.9,0,0)T € £,
i.e. close to the boundary of the domain (2. The results of the computations
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Table 4.30. ACA approximation of the Galerkin matrices K, n and Vi,

N M €1 MByte(Ky 1) % MByte(Vi.r) %

80 42 1.0-1072 0.05 100.0 0.05  50.6
320 162 1.0-1073 0.75 94.5 0.64  40.8
1280 642 1.0-107* 6.88 54.9 566  22.7
5120 2562  1.0-107° 53.85 26.9 42.91 10.7
20480 10242  1.0-107° 379.09 11.8 302.35  4.72

for the wave number xk = 4, which is still moderate, are shown in Tables 4.30
and 4.31. The number of boundary elements is listed in the first column of
these tables. The second column contains the number of nodes, while in the
third column of Table 4.30, the prescribed accuracy for the ACA algorithm
for the approximation of both matrices K ) € CN*M and Vi € CN*N g
given. The difference in the ACA approximation of these matrices for k = 4
(Table 4.30) and for k = 2 (Table 4.22) can be clearly seen. In Table 4.31, the

Table 4.31. Accuracy of the Galerkin method, Dirichlet problem

N M Iter Errory CFy Errors CFy

80 42 28 9.43.107! - 1.88-107¢ -
320 162 41 6.95-107! 1.36 4.39-1072 4.28
1280 642 52 3.68-107! 1.89 7.48-1073 5.87
5120 2562 63 1.64-1071 2.24 8.04-107% 9.30
20480 10242 75 7.79 1072 2.11 6.89-107° 11.68

third column shows the number of GMRES iterations without preconditioning
needed to reach the prescribed accuracy €5 = 1078, The relative Ly error for
the Neumann datum,

int

w—t
Error, — 71 - nllL.(r) ’
7™ ull Ly ()

is given in the fourth column. The next column represents the rate of conver-
gence for the Neumann datum, i.e. the quotient of the errors in two consecutive
lines of column four. We can see that linear convergence can be observed as-
ymptotically. Finally, the last two columns show the absolute error (cf. (2.69))
in the point z* € 2¢,

Errory = lu(z*) — a(z*)|, =* = (1.1,0,0) ", (4.44)

for the value @(z*) obtained using the approximate representation formula
(2.68). Again, a rather high accuracy of the ACA approximation is necessary in
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order to be able to observe a third order (asymptotically even better) pointwise
convergence rate within the domain {2¢, shown in the last two columns of Table
4.31.

In Figs. 4.68-4.69, the given Dirichlet datum (real and imaginary parts)
for N = 320 boundary elements is presented. The computed Neumann datum

7.6908E-01

3. 2795E-01

-1.1317E-01

Fig. 4.68. Given Dirichlet datum (real part) for the unit sphere, N = 320

is shown in Figs. 4.70 (real part) and 4.71 (imaginary part). The numerical
curves obtained when using an approximate representation formula in com-
parison with the curve of the exact values (4.33) along the line

1.1 0.0
zty=| 00| +¢t[00],0<t<1 (4.45)
—4.0 8.0

inside of the domain (2¢ is shown in Fig. 4.72 for N = 80 and in Fig. 4.73 for
N = 320. The values of the numerical solution @ and of the analytical solution
u have been computed in 512 points uniformly placed on the line (4.45). In
these figures, the thick dashed line represents the course of the analytical
solution (4.36), while the thin solid line shows the course of the numerical
solution @. The values of the variable x5 along the line (4.38) are used for
the axis of abscissas. The left plots in these figures correspond to the real
parts of the solutions, while the imaginary parts are shown on the right. The
next Fig. 4.74 shows these curves for N = 1280, but on the zoomed interval
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3. 3070E-01

1.2859E-01

-7.3514E-02

Fig. 4.69. Given Dirichlet datum (imaginary part) for the unit sphere, N = 320

2. 6568E-01

-1. 2298E+00

-2. 7254E+00

Fig. 4.70. Computed Neumann datum (real part) for the unit sphere, N = 320
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-3. 6691E-02

-2.5462E-01

Fig. 4.71. Computed Neumann datum (imaginary part) for the unit sphere, N =
320
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Fig. 4.72. Numerical and analytical curves for N = 80, Dirichlet problem
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Fig. 4.73. Numerical and analytical curves for N = 320, Dirichlet problem
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[—1, 1] with respect to the variable x3, in order to see the very small difference
between them. It is almost impossible to see any optical difference between
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Fig. 4.74. Numerical and analytical curves for N = 1280, Dirichlet problem

the numerical and the analytical curves for higher values of N. Note that the
point z* in (4.44) is chosen close to the maximum of the function Reu along
the line where the error seems to reach its maximum.

Thus, for the moderate value of the wave number k = 4, the quality of
the numerical results on the unit sphere is perfect. The ACA approximation
is good, the number of GMRES iterations is low without any preconditioning
and it grows corresponding to the theory, and, finally, the theoretical linear
convergence order of the Neumann datum on the surface I" as well as the cubic
convergence order in the inner points of the domain §2¢ is perfectly illustrated.

4.4.7 Exterior Neumann Problem

We consider the exterior Neumann boundary value problem for the Helmholtz
equation in 2¢ = R3\ 2 with the boundary condition v$*tu(z) = g(z) for
x € I'. The variational problem (1.122)

1
<Dﬂa,v> - 7<(71 n K;)g,v> for all v € HY2(I')
r 2 r
is discretised and leads to a system of linear equations (cf. (2.61))
~ 1
Denl = —(5M{ = K4)g-

This symmetric, but complex valued system is then solved using the GMRES
method up to the relative accuracy 5 = 1078,

Unit Sphere

We consider again the analytical solution in the form (4.33) for an interior
point j = (0.9,0,0)" € £2 and x = 4 as the exact solution. The results for the
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Table 4.32. ACA approximation of the Galerkin matrix Cyx ;, Neumann problem

N M €1 MByte(Ci.r) %

80 42 1.0-1072 0.01 51.2
320 162 1.0-1073 0.20 50.3
1280 642 1.0-107% 2.41 38.3
5120 2562 1.0-107° 19.17 19.1
20480 10242 1.0-107° 135.47 8.46

Table 4.33. Accuracy of the Galerkin method, Neumann problem

N M Iter Errory CFy Errors CFy

80 42 16 6.78 - 107! - 3.24-1072 -
320 162 23 1.91-1071 3.55 4.99.1073 6.49
1280 642 31 5.81-1072 3.29 1.24-1073 4.02
5120 2562 44 1.42-1072 4.09 2.90-107* 4.28
20480 10242 62 3.27-1073 4.34 7.16-107° 4.04

ACA approximation of the matrices K j and V j are the same as for the
exterior Dirichlet boundary value problems and can be seen in Table 4.30. The
approximation results for the matrix Cj ; are shown in Table 4.32. In Table
4.33, the accuracy obtained for the whole numerical procedure is presented
and the numbers in this table have the usual meaning. The third column shows
the number of iterations required by the GMRES method without precondi-
tioning. Note that the convergence of the Galerkin method for the unknown
Dirichlet datum in the Lo norm,

Errory = H%l)ntu _ ah”LQ(F)
3 )
7 ull L, ()

is close to quadratic. In the inner point 2* = (1.1,0.0,1.0978) T € £2¢ (close to
a local minimum of the exact solution), we now observe quadratic convergence
(7th column) as it was predicted in (2.70) instead of the cubic order obtained
for the Dirichlet problem (cf. Table 4.31). This fact is clearly illustrated in
Figs. 4.75-4.77, where the convergence of the boundary element method can
be seen optically. The results obtained for NV = 80 are plotted in Fig. 4.75,
where the left plot shows the course of the real part of the solution, while the
imaginary part is presented on the right. Thus, these curves are rather rough
approximations of the exact solution. The numerical curves in Fig. 4.76 are
notedly better than the previous ones. However, their quality is not as high
as of the corresponding curves obtained while solving the Dirichlet problem
(cf. Fig. 4.73). The numerical curves for N = 1280 are acceptable.
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Fig. 4.77. Numerical and analytical curves for N =1280, exterior Neumann problem
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Mathematical Foundations

A.1 Function Spaces

Let a = (a1,...,aq) € Nd be a multiindex with |a] = a; + ... + a4 and
al = aq!...agl, d = 2,3. Moreover, for z € R? we define 2 = 2" ...z as

well as the partial derivatives

olal

Dou(z) = —o
u(@) Ozt ... 0xy"

u(xh “e ,l‘d).

For an open bounded domain 2 C R? and k € Ny, we denote by C¥(£2) the
space of k times continuously differentiable functions equipped with the norm

lulcr@) = D sup [Du()|;
lal<k TEN

C>(£2) is defined accordingly. The support of a given function is the closed
set

suppu = {z € 2 : u(z) #0}.

Then, C§°(£2) is the space of infinite times continuously differentiable func-
tions with compact support,

Ceo(02) = {ue C®(R2) : suppu C 2}.

For k € Ny and s € (0, 1], we define the space C**(§2) of Holder continuous
functions equipped with the norm

|D*u(x) — D%u(y)|
[ullcr o)y = llullero) + sup
(£2) (£2) O;kz’yeg |z — y|"

In particular, for k = 0 and k = 1, we obtain the space C%1(£2) of Lipschitz
continuous functions.
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The boundary I" of an open and bounded set 2 C R3 is given as
I' =002 = 02n(R*\N).

We assume that the boundary I' can be represented by a certain decomposi-
tion

r=r, (A1)
where each boundary segment I; is described via a local parametrisation,
={zeR’: =y for £ €T, CR?}, (A.2)

with respect to some open parameter domain 7;. A domain {2 is said to be a
Lipschitz domain, when all functions y; in (A.2) are Lipschitz continuous for
any arbitrary decomposition (A.1).

For 1 <p < oo, we define L,(£2) as the space of all measurable functions
u on §2 with [Jul|L (o) < oo, where || - ||z (o) denotes the norm:

fullsyo = | [ tute)rds
0

In fact, two functions u, v € L,({2) are identified, if they differ only on a set K
with Lebesgue zero measure p(K) = 0. Loo({2) is the space of all measurable
functions which are bounded almost everywhere,

1/p

UL (2) = esssup |u(z)| = inf sup |u(x)|.
iy = essomp u@) = _nf - sup fu(e)

Note that for u € L,(£2) and v € L,(£2) with adjoint parameters p, ¢ satisfying

+- =1,

D=
Q|-

the Holder inequality holds:
/ (@)@ dr < Julle, ool @)

Defining the duality pairing

we then obtain

|(u, >Q|

lvllL,2) = sup o forl<p<oo
0£ueL, (@) 1Ullz, 2
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In particular, for p = 2, the Hilbert space Ly(f2) is the function space of
square integrable functions. Finally, Lr<(2) is the space of locally integrable
functions.

A function u € L°(£2) is said to have a generalised partial derivative

9 -
v = a_([,LUEL]' (Q),

if it satisfies the equality

/U(x)(p(x)dx = —/u(x) aigp(x)da: for all ¢ € C3°(12). (A.3)

In the same way, we may define the generalised derivative D%u € Ly<({2) by
/Do‘u(aj)go(a:)das = (=1)lel /u(az)Do‘ap(x)da: for all ¢ € C3°(£2).
0 Q

Then, for k € Ny and 1 < p < oo,

1/p

lollwser = | 1Dl 0
la|<k

defines a norm, while for p = co we set

[vllwe (@) = l{ﬁ?’;”DavHLm(Q)'

Now we are able to define the Sobolev spaces W/} (£2) as the closure of C*°(£2)
with respect to the Sobolev norms as introduced above,

5 el
WE(Q) = Co(@2) v,

In particular, for any v € W;(Q), there exists a sequence {¢;}jen C C(£2)
such that

lim [lv — @jllwro) = 0.

J—00

In the same way, we may also define the Sobolev spaces
Wh(R) = (@) e,

Up to now, the above Sobolev spaces are defined only for k € Ny. However,
the definition of the Sobolev norms || - ”Wﬁ( @), and, therefore, of the Sobolev
spaces, can be generalised for arbitrary s € R. For s > 0 with s = k + &,
k € Ny, k € (0,1), we define the Sobolev-Slobodeckii norm
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/p
lollwso) = (lolg i) + 10l o)

with the semi-norm

» _ |D%v(x) — Dv(y)|?
|U‘W§(Q) = Z // |z — y|dtes dxdy.
Q

lal=k

For s < 0 and 1 < p < oo, the Sobolev space W, ({2) is the dual space of
Vc[)/q_s(Q), where 1/p 4+ 1/q = 1. The corresponding norm is given by

fv V)0
Wllwsey = sup ﬁfM<
e ()

Accordingly, I/?/If(ﬂ) is the dual space of W ~*(42).
Next we will collect some properties of the Sobolev spaces needed later.

Theorem A.1 (Sobolev’s imbedding theorem). Let 2 C R3 be a boun-
ded domain with Lipschitz boundary I' = 012, and let s > 3 for p =1, and
s> 3/p for p > 1. Then every function v € W3 (§2) is continuous, v € C(§2),
satisfying

vl < c ||’U||W;(Q) for allv € W;(Q)

In particular, we are interested in the Sobolev spaces W5 (12), i.e. for p = 2.
For s = 1, the norm in W3 (£2) is given by

1/2
lollwz o) = (vl + 1VolTu)
Now, we will derive equivalent norms in Wy (£2). A norm || - [lyyz(g), is called
equivalent to the norm || - [|yy1 (), if there are some positive constants ¢; and

¢ such that
cllvlw o) < Wlwianr < c2llvllwie) for allv € Wy(02).
Let f: W4 (£2) — R be a bounded linear functional satisfying
@] < crlollwig for all v e Wi(£2),

Let ¢ € R be an arbitrary constant. If we can always conclude ¢ = 0 from
f(c) =0, then

1/2
ollwze).r = (F@)F+IV0ll7, )

defines an equivalent norm in W (£2). Examples are the norms
2

oz = | [elede | + 19010
(9}
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and
2
[0z = | [ v@hdss |+ 190120
T
As a first consequence, the Sobolev norms ||V - [[1,(2) and || - [y (o) are

equivalent norms in I/?/f(ﬂ) Secondly, there holds the Poincaré inequality

2

/\v(w)|2dx < cp /U(m)dm +/‘Vv(m)|2da? for all v € W3 (2).
2 I7; I7;

Theorem A.2 (Bramble-Hilbert-Lemma). Let f : WET'(2) — R for
p=0,1 be a bounded linear functional satisfying

[f@)] < erllollyprig for allv e WETH(Q).

Let
Po(2) = {q(z) = q0 : w € 2 C RY

be the space of constant polynomials and let
Pi(2) = {q(z) =qo + 11 + ... + qazq : © € 2 C R}

be the space of linear polynomials defined on 2. If f(q) = 0 is satisfied for all
q € P,(92), then it follows that

lf()] < cpeglvlypir gy forallv e Wit ().

Recall that the definition of the Sobolev spaces W3 (§2) is based on the gen-
eralised derivatives (cf. (A.3)) in the sense of LY<(£2). In what follows, we
will give a second definition of Sobolev spaces, which is based on derivatives
of distributions. A distribution T € D’({2) is a complex continuous linear
functional with respect to D(§2) = C5°(§2). For v € L*(12), the equality

T,(p) = /v(m)go(x)dx for ¢ € D(2)
2

defines a regular distribution T, € D’({2). The most famous distribution,
which is not regular, is the Dirac §—distribution satisfying

do(p) = @(0), for all p € D(£2).
The equality

(D°T,)(p) = (~1)IT,(D) for all g € D(12)
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defines the derivative DT, € D’(§2) of a distribution T;, € D'(£2).

Next, we consider the Schwartz space S(R?) of smooth fast decreasing
functions and its dual space S’(R?) of tempered distributions. For ¢ € S(R?),
we define the Fourier transform F : S(RY) — S(R?) as

3(6) = (Fo)(€) = (2m) 02 / e @D p(x)dr for £ € RY,

]Rd
as well as the inverse Fourier transform
ple) = FP)@) = @n) 2 [ @050 tora e R
Rd
Note that for ¢ € S(R?), we have
D(Fo)(€) = (=) F(%p) (&), € (Fp)(&) = (=) F (DY) (&).

For a distribution 7 € §'(R?), the Fourier transformation T € §'(RY) is
defined via R

T(p) = T(p) for all p € S(RY).
For s € Rand v € S(R?) we define the Bessel potential operator J* : S(R?) —
S(R?) as

(o0a) = [+ [P e forw e B
Rd
The application of the Fourier transform yields
(FT*0)(€) = (L+[E)*)*2(Fo)(€).

Thus, J° acts similar to a differential operator of order s. For a distribution
T € S'(R?), we can define J°T € S’ (R9) via

(T°T)(p) = T(T%¢) for all p € S(RY).

Now we are in a position to define the Sobolev space H*(R?) as a space of all
distributions v € §'(R%) with J*v € La(R?), and with the inner product

<U7U>HS(]R‘1) = (J*u, js“)LQ(Rd) )
and the induced norm
ol asy = 17500y = [ (1+1€R) o0 P
Rd

It turns out that H*(R%) = Ws(R?) for all s € R. For a bounded domain
2 C R4, the Sobolev space H*({2) is defined by restriction



A.1 Function Spaces 205
H*(2) ={v=0p: V€ HS(Rd)}
with the norm
L S Py

Moreover, we introduce the Sobolev spaces
ﬁs(()) _ WH‘HHS(W)’ H(Q) = W\Hmsm)

and state the following result:

Theorem A.3. Let 2 C R3 be a Lipschitz domain and s > 0. Then ﬁS(Q) C
Hi(82). In particular, there holds

B PRI

(@) = Hy(Q) fors# .

N W

5
2

Moreover,

!/

H(2) = (H*(2)), HQ) = (H>(Q))" forallseR.

Finally, we comment on the equivalence of the Sobolev spaces Ws(f2) and
H?(£2), where we have to impose additional restrictions on the bounded do-
main (2. In particular, let us assume that there is given a bounded linear
extension operator

Eq @ W35 (02) — W5 (RY).

Note that this condition is satisfied, if an uniform cone condition holds for f2.
In fact, if 2 is a Lipschitz domain, we conclude H*(£2) = W5 (£2) for all s > 0.

To define Sobolev spaces on the boundary I' = 92 of a bounded domain
2 C R3 we start with an arbitrary overlapping parametrisation

J
r=n, ni={zek: a=xl(, (€T CR’}.
i=1

We consider a partition of unity subordinated to the above decomposition,
i.e. non—negative functions ¢; € C§°(R3) satisfying
J
Z%(UU) =1 forxel, ¢i(x)=0 forzel\l;.
i=1
Any function v on I' can then be written as

J
v(z) = Z(pz(aj)v(x) = sz(ﬂﬁ) forx eI,

with
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vi(x) = pi(x)v(x) forxz eI;.

Inserting the local parametrisation, this gives

vi(z) = pi(z)v(z) = wi(xi()v(xi(€)) = B:(§) for & € T C R?

For the above defined functions v;(€), for € € 7; C R?, and s > 0, we now con-
sider the Sobolev space H*(7;) associated Wlth the norms ||v; | g+ (7;). Hence,
we can define the Sobolev spaces H*(I") equipped with the norm

J 1/2
||U||H;(r) = (Z ||5i|%15(7j)> .

i=1

Note that derivatives Dgv;(€) of the order [a| < k require the existence of
derivatives Dg'x;(§) due to the chain rule. Hence, we assume x; € Ck=L1(T).
Therefore, if 2 is a Lipschitz domain, we can define the Sobolev spaces H*(I")
on the boundary only for |s| < 1.

Note that the definition of the above Sobolev norm || - ||z7: () depends on
the parametrisation chosen, but all of the norms are equivalent. In particular,

fors=0
1/2

lollzacry = /M@W%
I

is equivalent to ||v|[go(r). For s € (0,1), an equivalent norm is the Sobolev—
Slobodeckii norm

1/2
[v(z) = v(y)?
olfeiry = | Wl + [ [ otdseds,
r r
Moreover,
1/2
|v(x
lollmrscrr.r = | | [ ot@is. +// T (@) oW, 4,
r

defines an equivalent norm in H/?(I").
For s < 0, Sobolev spaces H*(I") = (H_S(F))/ are defined by duality,

_ <’LU, v>F
|lwl sy = sup —_—
ozver—+(r) 1vlla-+(r)
with respect to the duality pairing

(w,v)p = /w(m)v(m)dsﬁ.

r



A.1 Function Spaces 207
Next, we consider open boundary parts Iy C I' = 32. For s > 0, we define
H*(Iy) = {v="0y, : Ve H(I'), }

and
[vllme(ry) = GGHS(iI%EF‘FO:vHaan(F).
Correspondingly,
fIS(FO) = {v =, : ve€ H¥I"), suppv C Fo} )
If s < 0, then by duality
~ / /

H*(Iy) = (H*(Iv)), H*(Iy) = (H*(Iy))'.

Finally, we consider a piecewise smooth boundary
J
r=\JTi, ninlj=o fori#j,
i=1

and define for s > 0 the Sobolev spaces

ij(F) = {’UGLQ(F) T GHS(Fi),izl,...,J},

7 1/2
HUHHgW(F) = <Z llvir, %JS(Fi)) :
=1

For s < 0, the corresponding Sobolev spaces are given as a product space

equipped with the norm

J
Hy(I') = Hﬁs(ﬂ')y
=1

with the norm

J
||wHHgW(F) = lewm He (D)

i=1
Note that for all w € H? (I') and s < 0, we conclude w € H*(I"), satisfying

lwllesry < llwllas, (-

At the end of this subsection, we state some relations between the Sobolev
spaces H*®({2) in the domain 2 and H*(I") on the boundary I" = 9{2.
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Theorem A.4 (Trace Theorem). Let 2 C R3 be a bounded domain with
boundary I' € C*~L1. The trace operator

’ant L H%(02) — Hs—l/Q(F)
is continuous for 1/2 < s <k, i.e.

||7§”%||H571/2(F) < col|vllpsey for allv € H*(£2).

Theorem A.5 (Inverse Trace Theorem). Let 2 C R? be a bounded do-
main with boundary I € Ck=L1 For 1/2 < s < k, there exists a continuous
extension operator

E:H*"Y3I) — H* (),

7.€.
€0l a0y < corlvllgrs-1/2¢ry for allv € HY2(I),

satisfying vgnté’ v =.

A.2 Fundamental Solutions

A.2.1 Laplace Equation

The fundamental solution (1.7) of the Laplace equation can be found from
the relation (1.5), which can be written as a partial differential equation in
the distributional sense,

—Ayu*(z,y) = do(y —x) forz,ye R3,

where dg denotes the Dirac §—distribution. Since the Laplace operator is in-
variant with respect to translations and rotations, we may use the transfor-
mation z = y — x to find v satisfying

—Av(z) = 6o(z) for z € R3.

The application of the Fourier transform together with the transformation
rules for derivatives gives

N 1
|§|2U(f) = W’
and, therefore, . .
u(¢) = W W € S'(R?).

The Fourier transform of the tempered distributions of the above form is
well studied and can be found, for example, in [35, Chapter 2]. Thus, in
d—dimensional space, it holds for A # —d, —d — 2, . ..
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(f_1|£|)‘) (Z) _ 2)\+d/211:((i2+;))

For d = 3 and A = —2, the above formula leads to

(717 = T

ra/2)=n/2, ra=1

|Z|_)\_d.

where the the values

of the Gamma function I' have been used. Therefore, with z = x — y, the
fundamental solution of the Laplace operator is

“(2,y) = 1 1
u(z,y) = prp—.

A.2.2 Lame System

The fundamental solution of linear elastostatics, given by the Kelvin tensor
(1.66), can be found from (1.64), which can be written as a system (for ¢ =
1,2, 3) of partial differential equations in the distributional sense:

—uAU; (2,y) — (A + p)grad divU; (z,y) = do(y — x)e, for z,y € R3.
Defining

tu
A+2p

Ui(z,y) = Awy(x,y) — graddivw,(z,y) for z,y € R?,

the solution of the inhomogeneous system of linear elastostatics is equivalent
to a system of scalar Bi-Laplace equations

—uAw,(z,y) = doly —x)e, forz,y € R

In particular, for ¢ = 1, we set wg2(x,y) = we3(z,y) = 0, and it remains to
solve
—uAwgq(z,y) = So(y — ) for x,y € R>.

Using the transformation z = y — x, we have to find v satisfying
—puA?v(z) = So(z) forz € R3

or
—1Ap(z) = do(z), Av(z) = ¢(z).
From this, we first get
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To determine v, we rewrite the Laplace equation in spherical coordinates as
10 (4,0 111
—— =) = = —= forr>0.
7‘287“( 87‘()> wAm r

Thus, we obtain the general solution

o(r) = L

= = (1r+a+b> forr >0, a,beR.
w4

2 r

Choosing a = b = 0, we, therefore, get

v(z) = p oy |2[.

From this, we find

_Atn O
A+ 2p 023

Ut (z) = Au(z) v(z),
Ap 02

Usa(2) = _)\—|—2,u 8218z2v 2),

. At p 0
U371(Z) - —)\+2M821323U Z)7

and, hence,
. 1 A+3p 1 1 A+p 22
U1,1(Z):—7— T oy TLE
87 u(+20) 12| 8w p(A+ 2u) 2]

1 )\‘F/J Z1%9

Vil S e T

1 )\‘F/J Z1%3
Ui (z) = — K =12
3108 = g ir o) TP

Doing the same computations for £ = 2,3, and inserting the Lamé constants,
this gives the Kelvin tensor as the fundamental solution of linear elastostatics,

Oke (ye — xk) (ye — W))
|z — yl lz —y[3

1 11+4+v

Uiro) = g 5 1o (3= 0)

for k, £ =1,2,3.

A.2.3 Stokes System

To find the fundamental solution for the Stokes system, we have to solve the
following system of partial differential equations
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—0AU; (z,y) + Vi (x,y) = do(y — 2)ep, divUj(z,y) = 0 forz,y e R,
for £ =1,2,3, and

—0AU(2,y) + Vi (x,y) = 0, divUi(x,y) = do(y —x) forz,y € R,
As in the case of linear elastostatics, we set
Uy(a,y) = Aw(,y) — graddiva(z,y), g7 (z,y) = 0 Adivw,(z,y)
for 2,y € R3 and for ¢ = 1,2, 3. This implies divU} (x,y) = 0, and
—oNwy(w,y) = doly — w)e; -

For ¢ =1, we find

11 1
Awy i (z,y) = — —
@) 04 |z —yl
and 11
9 = — 5 - 9 ) = ) = 0
w1,1($ y) 0 8T T y| w1,2($ y) w1,3($ y)
Using
ivw, (x, = —lrx—yl = = — ,
EOY = 0 8r oy Y T 08 e —y
we obtain

. a9 .
Ul (z,y) = Awy 1 (2, y) — a—yldlvwl(%y) =

11 1 11 0 Y — o1
odm |z —y| o 87Oy |z —y|

1 1( 1 +(a:1—y1)2>
o8t \|lx—yl  |z—yP® )’

* a9 .
Uls(z,y) = *aTnlewl(z,y) =
_ 11 0o 11 (m—y)(e2 — )
081 ys |z — y| 081 |z — y[? ’
* g .
Uls(z,y) = *aT/glewl(T/,y) =

11 0 y1—m 11 (x1—y1)(ws —y3)

08 dys |z — y o 8w |l —y|3

i

and
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1 8 1 1 1 — Y
1(z,y) = odivAw,(z,y) = ———— = —— .
QI( y) Q _1( y) 47r8y1 |x—y\ 47T|$—y|‘3
Doing the same computations for £ = 2, 3, we obtain the fundamental solution
of the Stokes system as

11 One (%-%)(W—ZM))
Uiz, y) = —— + )
k(@) 08w (Ifﬂ—yl |z —yl
. 1l ze—y
q[(xay)*ﬂm,_wg
for k, 0 =1,2,3.

To find the fundamental solution Uj(x,y) and ¢} (z,y), we have to solve
the system

_QAQZ('ray)+VQZ(xay) = Q7 leQZ(Ivy) = 50(y—$) for l‘ayERg
in the distributional sense. Setting
Ui(z,y) = =Ve(z,y) forz,yeR?,

we get
—Ap(z,y) = So(y —x) forz,y € R®

and therefore

(2.1) 1 1
T = —
POV e —y]
Hence,
0 1 xp —yn
U = - = — k=1,23.
4k(x’y) ayk(p(xay) 4r |$_y|37 y &y

In addition, taking the divergence of the first equation, this gives
Agi(z,y) = eAdivUi(z,y) = 0Ado(y — ),
implying
q1(z,y) = 0do(y — ).
A.2.4 Helmholtz Equation
The fundamental solution u}(x,y) satisfies the relation (1.94),

/ (— Aul(z,y) — K2l (2,y))u(y)dy = u(z) forz e 12,
7}

which can be written as a partial differential equation in the distributional
sense,
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2

—Aup(z,y) — kPl (z,y) = do(y —z) fora,y e R?.

Setting z = y — =, we have to find v as a solution of
—Av(2) — K*0(2) = do(2) for z € R.

Using spherical coordinates as well as v(z) = v(r) with r = |z|, this is equiv-
alent to

10,0 2~ N
23 [r EU(T)] —k°0(r) =0 forr>0.
With the substitutions
) 0L w101
v(r) = r’ arv(r) o or rarw(r) TQw(r),

we get
2

Ww(r) +&*w(r) =0 forr >0,

with the general solution
w(r) = Ae'™ + Be " forr > 0.

Choosing A = 1/4w and B = 0, this gives the fundamental solution for the
Helmholtz equation,

1 evrlz—yl

us(x,y) for =,y € R3.

Sam el

A.3 Mapping Properties

In this section, we will summarise the mapping properties of all boundary
integral operators used. For simplicity, we will restrict ourselves to the case of
the Laplace equation. For a more detailed presentation, we refer, for example,
to [24, 71, 105].

The Newton potential

u(x) = (Nf)(z) = / (2, 9) f(y)dy forz € 0

9]

is a generalised solution of the Poisson equation
—Au(x) = f(x) forx € 2.
In particular, for a given f € H~(£2), we have Nf € H*(2) satisfying

Il = I8 f o) < el forall f e H(®).
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Taking the interior trace, we obtain
(V1)) = WUEN@) = [ @iy oroel.

Q

Combining the mapping properties of the Newton potential
N:H Y(2) — H ()
with those of the interior trace operator
W' HY () — HYX(T),
this gives .
N =N . H-Y(Q) — HY*(I).

With this we can derive corresponding mapping properties of the single layer
potential

(Vw)(z) = /u*(x,y)w(y)dsy for z € R3\I".

For f € H ~1(£2), we have, by exchanging the order of integration,

(Vw, fo = /f(x)/u*(x,y)w(y)dsydx
7

r

— [wty) [w@ps@drds, = (w.N)r

r 0]

Hence, due to Nf € HY2(I) for f € H™1(£2), we find w € H~Y/2(I') and
Vw € HY (). In fact, the single layer potential

V:HY*I)— HY(2)

is a bounded operator, and, combining this with the mapping property of the
interior trace operator

w0 HY () — HYA(D),
this gives .
V =ty . H-Y2(r) — HY?(D).
Moreover, for x € {2 we have

—A(f/w)(x) = —A/u*(m,y)w(y)dsy = /(—Axu*(x,y))w(y)dsy =0,
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i.e. Vw is a generalised solution of the Laplace equation for any w € H~1/2(I").
The above considerations are essentially based on the symmetry of the
fundamental solution, i.e.

u(z,y) = u'(y, x).

Therefore, these considerations are valid only for self-adjoint partial differ-
ential operators. For more general partial differential operators, one has to
incorporate also all the volume and surface potentials which are defined by
the fundamental solution of the formally adjoint partial differential operator,
see, for example, [71].

It remains to describe an explicite representation of the single layer po-
tential operator .

(V) (@) = %™ (Vw)(z)

for x € I'. For w € Lo (I"), we obtain

(Vw)(z) = A (Tw)(z) = / u* (&, g (y)ds,
I

as a weakly singular boundary integral (cf. Lemma 1.1). For € > 0, we consider
Z € 2 and xz € I' with |2 — x| < e. Then,

T—x

lim /u*(i,y)w(y)dsy— / u*(z,y)w(y)ds,

r yel:ly—z|>e

IN

in | [ (@) - ule)ds,

r—x

yel|ly—z|>e

4 lim / u* (&, y)w(y)ds,

yel:|ly—z|<e

— Jim / u* (&, y)wly)ds,

yel:ly—z|<e

IN

ds,

sup  |w(y)

yel:|ly—z|<e

b [ e

yEl|y—z|<e
1 1
— li —d
el in [ s,
yel|ly—z|<e

IN

1 1
= vl 7|x_y|d5y < clwllrom e,
yel|lz—y|<e
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where we used polar coordinates to obtain the last inequality. Taking the
limit € — 0, this gives the definition of the single layer potential as a weakly
singular integral. In the same way we get for the exterior trace

VXU (Vw)(z) = (Vw)(z) forax el

Since Vw € H 1(£2) is a generalised solution of the Laplace equation for any
we HY 2(I'), we can compute the associated conormal derivative of Vw as
AtV € H-1/2(T). For v € HY(R2), and using Green’s first formula as well
as interpreting the surface integral as weakly singular integral, we obtain

[ Tu)@nit@ds, = [ ((Vu)e), Vo)) ds

r 2

:/(V/u*(x y)w(y )dsy,Vv(x))dx
/ th / (z, y)w(y)ds,, Vo(z ))daz

yGF ly—z|>e

) lim (qu*(x,y), Vv(x))dx dsy.

e—0
TzENR:|z—y|>e

Il
Se— ®
g

Again, Green’s first formula gives

[ (Vo @), Vovt))do = [ St @ gpitota)ds,

zEN:|z—y|>e zel:|x—y|>e

4 / A () () s,

rxeN:|x—y|=c

and, therefore,

/ A () ()i o () s, = / wig)lim [ A% (2, y)ito(n)ds,ds,

e—0
r r z€l|z—y|>e
+ [ im [ gpitods.ds,
r € |z—y|=¢

- / lim / A (i, o (y)dsyiBto(x)ds,
I

EF ly—z|>e

/ hm /fyinﬁ “(z,y)v(x)ds,ds,

mEQ |x—y|=¢

- / (K w) ()70 () ds, + / w(y)o(w)o(y)ds, -

r r
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In the above, the adjoint double layer potential

(K'w)(x) = lim ’yin;“ “(z,y)w(y)ds, forzel
e—
yel:|ly—z|>e

has been introduced. Furthermore, we have used

lim /“ Y (2, y)o(@)ds, = o(y)o(y),
2€Q2:|x—y|=c
with
1nt *

U(y) = gl_r)r(l) 71 x (557 y)dsm

reN:|x—y|=c

.1 (y — z,n(x)) .11
z€N:|z—y|=¢ x€:|z—y|=¢

which is related to the interior angle of {2 in y € I'. In particular, if I" is
smooth in y € I', we find o(y) = 1/2 (cf. Lemma 1.3).
Summarising the above, for w € H~/?(I"), we have

YV = o(2)w(z) + (K'w)(z) forz el

in the sense of H~!/ 2(I"). Correspondingly, the application of the exterior
conormal derivative gives

VXV = (o(z) — Dw(z) + (K'w)(z) forzel,

and, therefore, we obtain the jump relation of the adjoint double layer poten-
tial,

Vw] = /& Vw)(z) — v (Vw)(z) = —w(z) forz el
Next, we consider the double layer potential

(Wo)(z) = / A (2, y)o(y)ds, forz € R3\I.

For f € H1(£2), by exchanging the order of integration, we have,

<van—/f /ﬁ%*()Mw@Wx

v Winyt/ “(z,y) f(x)dz ds,

v (N )dsy = (0,97 N f)r.

J
A
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From this, we find Wov € H*(§2) for any v € HY/?(I"). Moreover, Wv € H'(£2)
is a generalised solution of the Laplace equation for any v € H'/ 2(I'). The
application of the interior trace operator

W HN(Q) — HY(T)
gives )
YWrW o HY2() — HYA(D).
It turns out (cf. Lemma 1.2) that
Yt (W) (z) = (=1 +o(2))v(z) + (Kv)(z) forazel,

with the double layer potential

(Kv)(z) = lim(Kv)(z) = lim 'y}fl;u*(m,y)v(y)dsy forxz eI

e—0 e—0
yel|y—z|>e
This representation follows, when considering z € {2 and x € I satisfying
|7 — x| < e, from

(W) (@) — (Kov)(z) = / A (F, y)oy)ds, — / A (2 y)o(y)ds,

r yel:|ly—z|>e
int ~ int_ x
= [ (MG -l ww))ewis,
yel:|ly—a|>e

[ e G (v - oe)ds,
yel|ly—z|<e
+o(x) / A (7, ) ds,.
yel|ly—z|<e

Note that for all € > 0 we have
[ (@) - e ) owds, = o

yeriy—a|>e

In addition,

e—0

lim / vin;u*(f, Y) (v(y) - v(x))dsy = 0.
yel|ly—z|<e

Moreover, for Z € B.(z) = {z € 2: |z — 2| < £}, we have

A (3, y)ds, = /vifiju*@,y)dsf / A (T, y)ds,

yel:ly—z|<e OB.(x) yEN:|y—x|=¢
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Taking into account that
/ vin; “(T,y)dsy = —1 for T € B.(x)
9Bc ()

as well as the direction of the normal vector along y € 2 : |y — x| = ¢, we
finally obtain the above representation for Wént Ww.
Correspondingly, the application of the exterior trace operator gives

AN W) (z) = o(x)v(z) + (Kv)(z) forzel,
and, therefore, the jump relation of the double layer potential reads
olWo] = A& (W) () — A (W) (&) = v(z) forae I

Since the double layer potential Wv € H'(f2) is a solution of the Laplace

equation for any v € H'/? (I'), the application of the conormal derivative Wmt
defines the bounded operator

D = —~ityw . HY2(1) — H-VY2(I).

Note that for z € I', we have

(Dv)(@) = A" (Wo)(a) = tim_ (Va(W0)(@),n())
~ 1 (n(z),n(y)) oy —z,0y)ly —z,0@)\

which does not exist. In what follows we will sketch the computations to obtain
the alternative representation (1.9) (cf. Lemma 1.4). For the derivatives of the
double layer potential for x € {2 we first have

S (V0)@) = o [ @ elu)ds,

r

. / (no). vyﬁ)v@)dsy

:_i ! ) (y)ds,

4 Vy 8yZ |z — vy
T

_ %F (n(y),cuﬂy (ei X V, |~iy|>> v(y)ds,

1

T i
r

1
’U(y) Curlny <Qi X Vyﬂ> dSy
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Now, using integration by parts, i.e.

/ curlpo(y)(y)ds, = — / (e(y), curl o (y)) dsy,

r r
we obtain
0
o7, —=(Wv)(@) = “un curl o (y), e; X Vy z | dsy
1
= e;,curlv(y) x Vy ] dsy ,

and, therefore,

~ 1 1
VE(WU)(I) = E/ (Curlpv(y) X VyM> dSy
r
1 1
— 1 ) ds,.
ppm (cur ro(y) X Vi 7o y) dsy

Hence,

T = —i curl v ~—1 nl\x S
(Va(W)(@).n(z) = — F/ (caoty) x Ve ) ds,

:i!(&ﬂﬂ( n(r) x Vi 1y>dsy

Taking the limes T — z, we obtain

(Do)(a) =~ / (catro). o) < ¥, L) s,
- ——/ (curlpv( ) cuslp ! |>dsy,

/ )| (mpv@),_ ,
_ 1 F/Curlf"z (u(x)mp,yv(y)) |

and, therefore,

1
(Dv,u)yp = — —— ) dsyds,
z -y

1
———dsgds, .
z —y|

With
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curlr, (u(@)ewrl ., v(y)) = (n(@), Vo x (w(@)enly, o))
(n(x), Vou(z) x curly,  o(y))
= (n(x) x Vyu(z), curlp v(y))
(

= %ﬂl‘,zu(‘r)a %ﬂl’,yv(y)) ]

we finally obtain the alternative representation (1.9),

(Dv,u)r = // (curl pu(z curlpv(y))dswdsy.

|z —y

Since the ellipticity of boundary integral operators is essential to derive
results on the unique solvability of boundary integral equations, we will sketch
the proof of the ellipticity of the single layer potential V', cf. Lemma 1.1.

The single layer potential

u(z) = (Vw)(z) = /u*(x,y)w(y)dsy for x € R3\I"

r

is a solution of the interior Dirichlet boundary value problem
—Au(z) = 0 forax € £, ’y(l)ntu( ) = 'y(i]nt(f/w)(x) = (Vw)(z) forxzel.

By applying Green’s first formula (cf. (1.2)), we obtain

ag(u,u) = /|Vu(x)|2dm = [ ytu(z)y iy (2)ds,
NV w) (@)™ (Vaw) () dsa

(@) + ('w)(@) ) (Vi) (@),

Se— wL S—

From Green’s first formula (1.2), we also find the estimate
int 2 <
cllm U||H71/2(r) < ag(u,u).

Since u = Vuw is also a solution of the exterior Dirichlet boundary value
problem,

—Au(z) = 0 forz e 2° 4% (z) = AN (Vw)(z) = (Vu)(z) forz e I,

satisfying the radiation condition
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1
lu(z)] = O (—) as |z| — oo,
2|
we also find the relations

age(u,u) = A& () ds,

2)+ (K'w)(2) ) (Vw)(2)ds,

/ ext

r

/ ~ ol
r

and
C2 ”'YgXtu”?{ﬂn(p) < aQe(u,u).

Hence, we obtain

(Vw, w) w x)ds,

K'w)(x)) (V)()ds,

e
G

= an(u,u) + apne(u,u)

t t
> minfer, ea} (Il oy + 100Ul 2o )-

Using
1 1 2
2 _ = P /
D —— H2w+Kw ( 2w+Kw>HH71/2(F)
= met Vthu”%{fl/zw)

< 2 (Il 2y + 0l
we finally obtain the ellipticity estimate
(Vw,w)yr > C¥Hw||§1_1/2(F) for all w € H-Y/2(I).

Note that the ellipticity estimate of the hypersingular boundary integral oper-
ator D (cf. Lemma 1.4) follows almost in the same manner when considering
the double layer potential u = Ww.

If I' = 02 is the boundary of a Lipschitz domain 2 C R3, we then can
extend the mapping properties of all boundary integral operators, see [24]. In
particular, the boundary integral operators
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V. : H-Y24s(I) — HY?3(D),
K : HY?ts(I')  — HY?+3(D),
K': H=Y2+s(I) — H=Y/2+5(D),
D : HY?+s(I') — H~Y/*3(I)

are bounded for all s € [—-1/2,1/2].



B

Numerical Analysis

B.1 Variational Methods

Let X be a Hilbert space with an inner product (-, -) x, which induces a norm

lvl|lx = V{v,v)x forallve X.

Let X’ be the dual space of X with respect to the duality pairing
(,): X'xX —R.

Then,

1flx < sup L2

for all f € X’.
0#veX vl x

Let A: X — X’ be a bounded linear operator with
|Av||x: < ¢4 |lv||x for allv € X, (B.1)
which is symmetric, i.e.
(Au,v) = (Av,u) for all u,v € X.
For a given f € X', we consider an operator equation to find u € X such that
Au = f (B.2)

is satisfied in X’. Then,

0= JAu—flx = sup He S0

0#£veEX ”UHX ’

and, therefore, u € X is a solution of the variational problem

(Au,v) = (f,v) forallve X. (B.3)
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For a given operator A : X — X', we define the functional

F(v) = 5 {Av,0) — (f,0).

N =

If the operator A is assumed to be positive semi—elliptic, i.e.
(Av,v) > 0 forallve X,

then the solution of the variational problem (B.3) is equivalent to the min-
imisation problem

F(u) = vmel)r(l F(v). (B.4)

Essential for the analysis of variational problems is the Riesz representation
theorem [118], i.e. any bounded linear functional f € X’ is of the form

(f,v) = (u,v)x forallve X. (B.5)
The element v € X is hereby uniquely determined and satisfies

ullx = lFllx-

The Riesz representation theorem (see (B.5)) defines a linear and bounded
operator J : X’ — X with

(Jfv)x = (f,v) forallve X, [[Jflx = [flx -

Now, instead of the operator equation (B.2), Au = f in X', we consider the
equivalent operator equation

JAu = Jf inX. (B.6)
Since A : X — X’ is a bounded operator satisfying (B.1), we obtain
|JAv|x = ||[Av|x: < ¢ ||v]|x for allv € X,
i.e. the operator JA : X — X is bounded with
[JAlx—x <5
An operator A : X — X' is called X—elliptic, if
(Av,v) > e |v||% forallve X . (B.7)
Then, if A is X—elliptic, the estimate
(JAv,v)x = (Av,v) > et |v||% for allv e X

follows, i.e. the operator JA : X — X is also X—elliptic. Therefore, instead of
(B.6), we consider the fix point equation
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u=u—oJ(Au—f) = Tru+oJf, (B.8)
with
Ty, =1—-0JA: X =X
for some positive p € R;. For

A
1
2
(c3)
the operator T, : X — X defines a contraction in X with ||T,||x—x < 1. Thus,
the unique solvability of the fix point equation (B.8) follows from Banach’s
fix point theorem. Hence, if A : X — X’ is bounded and X-elliptic, we
conclude the unique solvability of the operator equation (B.2), and, therefore,
of the equivalent variational problem (B.3), and of the minimisation problem
(B.4). This result is just the well known Lax-Milgram lemma. Moreover, for

the solution u € X of the operator equation Au = f, we obtain from the
ellipticity estimate (B.7)

o ullk < (Au,u) = (fw) < ||fllxllullx

0<pop<?2

and, therefore,

1
lullx < — [Ifllx-
51

Now we consider a sequence { X/} aren of conformal trial spaces

M
Xy = szm{gag}Z cX,
—1

which is assumed to be dense in X. In particular, we assume the approximation

property
lim inf |lv—opm|x =0 forallve X. (B.9)

M—oovp €X

To define an approximate solution of the operator equation (B.2), or of the
equivalent minimisation problem (B.4), we consider the finite dimensional
minimisation problem

F(up) = min F(vy),

v €EX v
with
1
F(onm) = 5{Avar, oar) = (foon)
M M M N
z—zsz] Ape, ¢;) Z (f;00) = Flu).
(=1 j=1 =1

From the necessary condition
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L Fw) =0 fork=1,. .. M,

d’l)k
we then obtain
M
ZWMAW,WO —{f,ok) =0 fork=1,...,M.
=1

Thus, uy; € Xy is the solution of the Galerkin variational problem

M

ZW<A<P€aSOk> = (f,or) fork=1,...,M, (B.10)
(=1

or, in the equivalent formulation,
(Aunr,vp) = (f,om)  for all vy € X (B.11)

The Galerkin variational problem (B.10) is obviously equivalent to a linear
system

mu = [,
with
Anlk, ] = (Ave,on),  fo = (f, 0n)
for k,/ =1,..., M. Note that

M M M M
(Anu,v) = Alk, Quevi, =Y > (Agr, pruvr = (Auag, var)
k=1+¢=1 k=1/¢=1

for all u,v € R™ i.e. upr,var € Xas. Therefore,
(Ap,v) = (Avy,on) > ef om |k

for all v € RM ie. vy € Xar € X. The Galerkin stiffness matrix Aas is
hence positive definite, and, therefore, invertible. In particular, the Galerkin
variational problem (B.11) is uniquely solvable. Moreover, from

Fluallx < (Aunruar) = (frunr) < Il llualx

we conclude the stability estimate
Juarllx < — I17lx.

From (B.3), we obtain

(Au,vpr) = (f,on) for all vy € Xy C X.
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Subtracting from this the Galerkin variational problem (B.11), this gives the
Galerkin orthogonality

(A(u — upr),vpr) = 0 for all vy € Xy (B.12)

Using the ellipticity estimate (B.7), the Galerkin orthogonality (B.12), and
the boundedness of A, we then obtain

o lu = unrl3 < (A(u— unr), u— unr)
= (A(u —upr),u — vpr) + (A(u — upr), var — upr)
(A(u —upr),u—vpr)

| A(u — unr) || xo[Jw — var x

lu —unl|x[lu—vallx,

and, therefore,
lu—unllx < 2 flu—valx for alluas € X
€1

This results in Cea’s lemma, i.e.

A
(& .

||U*UMHX S 7,24 mf ||U7UM||X. (Blg)
¢y vm€eXnm

Hence, we obtain convergence uy; — u for M — oo from the approximation
property (B.9).

In many applications, e.g. for direct boundary integral formulations, the
right hand side in (B.2) is given as f = Bg, where B : ¥ — X' is some
bounded operator satisfying

IBgllx < ¢ llglly forallg €Y.
Then the Galerkin formulation (B.11) requires the evaluation of
fe = (Bg,pr) forallk=1,... M,

which may be complicated for general given g € Y. Hence, introducing an
approximation

N
gn = Y g €Y CY,
j=1

we may compute the perturbed vector values
_ N N
fe = (Bgn,or) = > g;(Bj,0x) = Y Bulk,dlg;,
j=1 j=1

leading to the linear system
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Apu = Bng.

Note that the solution vector & € RM corresponds to the unique solution %y
of the perturbed variational problem

(Aupr,var) = (Bgn,vn) for all vy € Xy
Now, instead of the Galerkin orthogonality (B.12), we obtain
(Alu—1tpr),vpr) = (Alupr—anr), o) = (B(g—gn),var)  for all vpr € Xy
From the ellipticity estimate (B.7), we then conclude
e llun — |3 < (A(unr — ), unr — i)
= (B(g — gn),unt — nr) < & [lg — gnlly llunr — @l x
and, therefore,
Juar =Tl < llg = oy
Hence, we find from the triangle inequality the error estimate

lu —tnmllx < lu—unmlx + lunr — unllx
B
3
< lu —unm|lx + C—AHQ —gnlly-
1

Besides an approximation of the given right hand side f, we also have to con-
sider an approximation of the given operator A, e.g., when applying numerical
integration schemes. Hence, instead of the Galerkin formulation (B.11), we
have to solve a perturbed variational problem to find the solution wy; € Xy
satisfying _

(Aupr,vp) = (fyon) for allvy € X (B.14)

We assume that A : X — X’ is a bounded linear operator satisfying
| Av||x: < c§ lvllx forallve X.

To ensure the unique solvability of the Galerkin formulation (B.14), we have
to assume the X ,,—ellipticity of A, i.e.

(Avpg,vpg) > 05 loa % for all vas € Xy (B.15)
The perturbed stiffness matrix EM, defined by
Ak, €] = (Apr, 1)

for k,£ = 1,..., M, is then positive definite, and, therefore, invertible. Sub-
tracting the perturbed variational formulation (B.14) from the Galerkin vari-
ational problem (B.11), this gives the orthogonality
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(Aupr — Aligg,vpr) =0 for all vy € Xy
From this, and by using the X ;—ellipticity of g, we find
i luns = @il < (Aluns = i), uar = i)

= (A — A)urr, uns — Unr)

< (A= A)ung|xlunr — Tarlx
and, therefore,
- 1 ~
lunr = tmllx < — [I(A = Aunllx.
5

Hence, applying the triangle inequality, we finally obtain the error estimate

lu —unmllx < flu—unmllx + luar — Uarllx
1 ~
<lu—unllx + — (A= Aunllx
€
1 ~ ~
= wnrllx + — (1A= Aullxr + (A= A)(w - un)llx)
C

1

A A

b +c 1 ~

<1+—2 — ) lu = wnrllx + — [1(A = A)ullx.
51 S

IA

IN

B.2 Approximation Properties

In this section, we will prove the approximation properties of piecewise poly-
nomial basis functions defined in Chapter 2.

Let I' = 0f2 be a piecewise smooth Lipschitz boundary which is repre-
sented by a non—overlapping decomposition

J
qufl, Fimpj:@ fOI"i?éj,
=1

where each boundary segment I3 is described via a local parametrisation
(A.2),
I ={zeR®: a2 =€ for €T, CR?}

with respect to some parameter domain 7;.
For a sequence of boundary element discretisations (cf. Chapter 2),

N
I'= U Te,
=1
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we further assume that for each boundary element 7, there exists exactly one
boundary segment I'; with 7, C I;. Hence, there also exists an element ¢} such
that 7, = xi(g}). For the area A, of the boundary element 7;, we then obtain

Ay = /dsm = /\/EG—Fng,
Te qz
with

E

i=1

We assume that the parametrisation is uniformly bounded, i.e.

f < VEG—-F? <y foralléeT;, i=1,...,J.

Hence, we obtain
X areaq; < Ay < ¢ areaqy .

Then,

Hﬂbm:/M@W%:/WM )PVEG — FRde

<< [ bou® |%fcm%q/wM e
1 L

@

Now, using a parametrisation g5 = x%(7) with respect to the parameter do-
main 7 (cf. Chapter 2), this gives

/sz I%‘—/quw DI ldet il .

and with .
areaqi = [ dg = [ ldetxildn = 3 ldetil,

i

qp

we finally obtain

[l Z0cry < 2681107, (), De(n) = v(xi(Xi(0))) -

Note that this result would follow directly when considering a parametrisation
of the boundary element 7, with respect to the reference element 7. However,
the above approach is needed when considering higher order Sobolev spaces,
for example
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0|3 rm () = Z |D&v(x:(€))|*dé, m eN.

jal=m g

For the parametrisation ¢ = x%(7) and for |a| = m, we now obtain the norm
equivalence inequalities,

— (areaqh) ™ [1D5m0Pan < [ IDEoa(©)Pde.

m
T 4

and

/ IDE0(xi (€))2dE < epl(areag) ™ / DT ()P

4y T

Hence, we have
1 A" el Fpn(ry < Wlipmry < 2 A7 [Oel3pm () form eN.

Let Qrw € SJ(I') be the Ly projection satisfying the variational problem

N
wy [ Ye(x)Yp(z)ds, = [ w(x)g(x)ds, fork=1,...,N.

r

Due to the definition of the piecewise constant basis functions v, we obtain
the Galerkin orthogonality

/(w(x)—Qhw(x))dsx =0 for{d=1,...,N

Te

as well as
1

Wy = ——
Ay

/w(y)dsy for{=1,...,N.

Te

For the local error, we first find
||U) - Qth%Q(‘rg) < 2c Aé ||’l/1\}/g - QT{IJ@H%2(T) )

where Q,wy (&) = Qprw(x:(§)).

For an arbitrary but fixed u € La(7), we define the linear functional

@) = [ (@) - Qein) )t

T

satisfying
| fu(@e)| < N[ We — QrWell Ly ()l 4l Loy ()

< 2| Well Lyl Lo (ry < 2 1 Well () 1l £ (7 5
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since the Lo projection @, : La(7) — Lo(7) is bounded. If ¢ is given as a
constant function, we obviously have Q¢ = ¢, and, therefore,

fulg) = 0 for all g € Py(7).
The Bramble-Hilbert lemma then implies

|f,u({13£)| <c |{DZ|H1(T)HM||L2(T)

In particular for i = w, — Q;wy € Lo(7), we then obtain

I = Qe = [ (0l = Qeitu() "y = ()

z
< clwel g |l Loy = el [we — Qrwel| -y
and, therefore,
lwe — QrwellLy(ry < c|Welp(r)-

Altogether, we finally obtain
lw = Qnuwl|?, (ry = 24¢ @0 — Qrwel 7,

S CA Wiy < e wlFn g,

as well as
N
lw = Quwl7,ry < €D b [wlin
=1

and
|w—@Qnrwllr,ry < chlwlm, (r),
when assuming w € HI%W(F). This is the error estimate (2.4) for s = 1.

To obtain the error estimate (2.4) for s € (0, 1), we consider = € 7, where
we find

wle) - Quule) = wl) - / wly)ds, = / (w(x) — w(y))ds,

Te Te

for the error, and, therefore, by applying the Cauchy—Schwarz inequality,

2

1
5 [ we) - w()ds,

Te

_ 1| [w@) —w(y) 145
= | o

Te

w(z) — Quuw(z)|?
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1 (w(z) — w(y))2 2425
< A—E/stu/m_m dsy
Ty

Te

d™ / (w(z) —w(y)*
Ay |z —y[res Y
Te

where d; is the element diameter (cf. Chapter 2). Integrating over 7y, and

since the boundary element 7y is shape regular, i.e. dy < cghy, this gives with
Ay = b2

/(w(m) — Qrw(z))?ds, < c%*zshfs//%dsydsm.

Te Te Te

Taking the sum over all boundary elements 74, we obtain

S (w(z) = w(y))*
/(w(m) — Qhw(a:))stI < c2B+2SZh%S // stydsx,
r - Te Te
which is the error estimate (2.4) for s € (0, 1).
Hence, we have

lw = QnwllLyry < ch®wlps (ry,

when assuming w € Hpy (") for some s € [0, 1]. For o € [-1,0), we then find
by duality,

w— Qpw,v
lw — Quwl| o (ry = sup u
0#veH o (I) ||UHH*<’(F)

(w— Qrw,v — Qrv)r

= sup
0£veH—7 () vl - ()

e o I e
0#veH—o(I) ||U||H*U(F)

< ch™lw = Quwllryry < b7 (wlhs (),

and, therefore, the approximation property (2.5).

It remains to derive the approximation property (2.8) for piecewise linear
but globally discontinuous basis functions. For this, we define the Ly projec-
tion Qpw € S}L’*l(l“) satisfying the variational problem

N
Zw&i/w&i(x)d}hj(m)dsm = /w(x)wk,j(ﬂﬁ)dsw
(=1 i=1 T T

fork=1,...,N,j =1,2,3. As for piecewise constant basis functions, we then
obtain
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lw = Quwlly, sy < 2¢Ac¢ [0 — Qrel Ly (r)
for the local error. The Bramble-Hilbert lemma now implies
[ = Qi Lyr) < clwelmz(r)-
Hence, we have
lw = QrwlT,(ryy < cAel@eliairy < CA7 [Wlh2(r,y = Chylwliair,)
and, therefore,
N
lw = QuwlZ, ) < EZ hi [wlir(r,)
=1
as well as
lw = QnwllLyry < eh?wlmz, 1y,

when assuming w € Hy (I'). Since
Qh : LQ(F) — LQ(F)

is bounded, we obtain, by applying an interpolation argument, the error esti-
mate
lw—=QnwllL,ry < chflwlas, .

when assuming w € Hyy (I") for some s € [0,2]. By duality, we then find

lw—=Qrwlgery < ch® 7w, (r)

for o € [-2,0] and s € [0, 2], which is the approximation property (2.8).
Finally, we consider the piecewise linear, globally continuous Lo projection
Qnrw € Si(I') as the unique solution of the variational problem

/Qhw(a:)gaj(x)dsx = /w(a:)gaj(m)dsx forj=1,..., M.
T

r

Due to Si(I) C Si’_l(F), we immediately find the approximation property
(2.10) for o € [-2,0] and s € [0, 2]. To derive (2.10) for o € (0, 1], we introduce
the H' projection of a given function u € H'(I"),

M
Pyu = Zujgoj € SH(D),

j=1
which minimises the error u — Pju in the H'(I")-norm:

Pyu = ar min uU—v .
h gvhes,i( )|| h||H1(r)
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Thus, Pyu € Si(I") is the unique solution of the variational problem
(Pru,vn)mi(ry = (w,vn)grry for all vy, € SHI).
As for the Ly projection, we find the error estimate
lu = Puhullgrry < chlulmz (r),

when assuming u € Hjy (I'). Since

P, : H(I') — HY(I')
is bounded, we also conclude the trivial estimate

lu = Prullgrry < |lull gy
Then, using an interpolation argument, we also obtain the error estimate
lu = Prull s ry < ¢h®ulgery

when assuming u € Hyy (I7) for some s € [1,2]. Then, for o € [0,1), we get
by duality,

(u - Phu, U>H1(F)

lu — Prullgo(ry = sup
O pvenroy  Nlma-a(D)
(u — Phu, v — Ph'U>H1(F)
= sup
0#vEH2—7(I") vl 2o (1)
u — Prul| g1 v — Ppol| g1
< sw | il (o | w0l ()
0£veH2=7(I) ]| g2 (I7)

< ch' 7 |lu— Puullgiry < ch® 7 ulpe(ry,

when assuming v € H*(I") for some s € [1,2]. This is the approximation
property (2.10) for o € (0,1] and s € [1, 2].
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Numerical Algorithms

C.1 Numerical Integration

For the boundary I" = Of2 of a Lipschitz domain 2 C R3, we consider a
sequence of boundary element meshes (2.1),

N
I'n = U?g.
=1

We assume that all boundary elements 7, are plane triangles. Using the ref-
erence element

T={(eR?:0<&<1,0<6 <16},

the boundary element 7, = x,(7) with nodes xy, for i = 1,2, 3 can be described
via the parametrisation

(E(f) = X@(é.) = Ty +§1(£L'22 - xfl) +£2(x£3 - xfl) = Ty, + Jgf Sy

AZ = /d8m7

Te

for £ € 7. Using

we obtain for the integral of a given function f on 7y,

1= [ rds, =240 [ Fue)ds, Fi©) = £l
Te T
Hence, it is sufficient to consider numerical integration schemes

LM _
s Lelie) ~ [ Ferae
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with respect to the reference element 7, which are exact for polynomials of
a certain order. From this, we may find 3M parameters (& 1, & 2,w;) for i =
1,..., M. Let

P, = span{ﬁ?lg?}aﬁazgk

be the space of polynomials of an order less or equal k. The dimensions of
P, and the minimal number M of integration points are given in Table C.1.
The last line of this table shows the number P = 3M of free parameters.
These parameters (&.1,&;2,w;) for i = 1,..., M are solutions of the nonlinear

Table C.1. Dimensions of P and required number of integration nodes

k 0 1 2 3 4 5
dim Py, 1 3 6 10 15 21
M 1 3 4 7
P 3 9 12 21
equations
M
/gflggzdg = =) wilMEs foron,az :on oy <k (C.1)
2 = ) )
For k =1 and M = 1, the equations (C.1) read
1 1
1d¢ = - =—
/ £ =5 = 3w
¥ 11
d = - = —
/51 3 5 5WISL1
’ 11
d = - = —
/52 3 6 2w1§1,2,
and, therefore, we obtain
1 1
= 1 = — = —.
w1 RS 3 §1,2 3

The resulting formula is the midpoint quadrature rule

/ F@)dss ~ A f(a}),

which integrates linear functions exactly. For k = 2 and M = 3, we have from

(C.1)
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(w1 + w2 +w3) )

(w111 + wao1 + wsés1)

—
2
—
IS
I
I

(w112 + wao2 + wsés2)

—
I
[ V)
IS
I
Il

(wlfil + W2§§,1 + W?)fg,l) )

(W1§12,2 + W2§§,2 + W3€§,2) )

NI~ N~ N~ N~ N= N

—
G
QL
~
| Il
N S|’—‘ §|H S~ D= |-
Il

(wi&1,1€1,2 + wabo 182 + w3€s183,2) -

To find a solution of the above system of nonlinear equations, we add some ad-
ditional constraints with respect to the geometrical setting. Due to symmetry,

we first set 1
Wi = Wy = w3 = —.
1 2 3 3

Introducing some real parameter s € R, we may define the integration nodes
on the straight lines connecting the corner nodes with the midpoint,

o5 o= (30D o500

Note that with this choice, the second and third equations are satisfied. For
the remaining three equations, we obtain

45> —8s+3 =10,

with the solutions

1
31/2 =1+ 5
In particular, for s; = 1/2, the integration nodes and the corresponding

weights are

11 21 12 1
51 - (676)7 62 - <§aé)v £3 - <6a§>7 W1 = w2 = w3 = ga
while for s; = 3/2 the solution is
11 1 1 1
61 - (575)7 62 - (Oa i)a 53 - <§7O>7 w1 = W2 = w3 = g
Note that both integration rules are exact for quadratic polynomials.
For k = 3 and M = 4, the nonlinear equations (C.1) read



242 C Numerical Algorithms
1A

/fflggzdg = 52%5% 05 foraj,an t o +az2 <3,
. i=1

Hence, we have to find 12 parameters (&1, 2,w;) satisfying 10 nonlinear
equations. As in the previous case, we may introduce additional constraints
to construct particular solutions of the above nonlinear system. Due to sym-
metry, we define the integration nodes as

30 05 () o () 3 (D) ()13 ()

and the associated integration weights as
wp = W, W2 = W3 = W4 .

From the equation for a; = g = 0, we then find

Note that both equations, for ay,as : a1 + as = 1, are then satisfied. It
turns out that it is sufficient to consider only two additional equations, the
remaining equations are then satisfied automatically. For a; = 2 and ae = 0,
it follows

1
1-— 2_254+1) = -
( w)(s s+) 1
while for ay = 3 and as = 0, we have

17

1— -1 1252 —25%) = — .
(1—-w)(8—18s+ 12s s°) n

Thus, there are two equations for the two remaining unknowns w and s. We

obtain
1 1 17 1

T 4s2—25+1 108 —18s+ 1252 — 243

1—w

and, therefore,
(s—1)*(5s —3) = 0,
with the solutions 5

81/2 = ]., S3 — g

For s = 3/5, we then get the integration weights

9 _ _ 25
Wi =Ty W2 T W = = g

and the integration points
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1/1 1/1
51:§<1>7£2:g<1)a
1/3 1/1
a3 (1) o5 ()

However, the first weight wq is negative, and, therefore, the above quadrature
can not be used for practical computations.
For k =5 and M = 7, the nonlinear equations (C.1) read

7
1
/fflg;zdf =3 g wigf"{ ;15 for all ag, a0 : a1 + as < 5.
2 i=1

Hence, we have to find 21 parameters (&1, 2,w;) satisfying 21 nonlinear
equations. As in the previous cases, we introduce additional constraints to
construct a solution of the above nonlinear equations. Due to symmetry, we
define the integration nodes as

o=3(1) a5 (1) 0= (0)+5 (1) o= (1) +5(2)

and

ORISR ORI REIORE]
as well as the associated integration weights as
W] = W, Wy = w3 = Wy, W5 = Wg = Wr.
From the equation for ay = ay = 0, we easily find
w1 = 1—3wy —3ws.

With this, the equations for aq,as : a3 + as = 1 are satisfied automatically.
Moreover, all the remaining equations can be reduced to the four equations
for the four parameters ws,ws, s, and t:

12wo(s — 1)2 + 3ws(t —1)> =1,
120wy (s — 1)%(4 — s) + 15ws(t — 1)(t +5) = 34,
240wy (s — 1)%(3s% — 10s + 13) + 15ws (t — 1)*(3t* 4 2t + 19) = 176,
3360ws(s — 1)%(8 — 11s + 65% — %) + 105w (13 — t + 3t> +t3) = 1184.

From the first two equations, we find

1 —3ws(t —1)2 10s — 6
— w = .
12(s—1)2 7 7 15(t—1)2(2s +t — 3)

Wy =
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Inserting this into the third equation, this gives
s(9-5t)+3(t—1) =0,

and, therefore,
t—1

5t —9

The fourth equation is finally equivalent to
72— 18t +3 = 0.

Thus,

9+2V15
tl/? = f

Hence, we have

_9-2V15 6 —+V15

t =
7 i 7
For the integration weights, we find
155 + /15 155 — /15 9
W = ———, Wy = —————, W] = —
° 1200 * ° 1200 ° ' 40

while for the integration nodes, we finally obtain

g = 1 (6—\/5)’53_ 1 (9+2\/1—5>7§4_ 1 (6_\/1—5>

T 21 \6—15 T 21\ 6-V15 T 21\ 9+2V15
and
g_i6+\/ﬁ €_i6+\/ﬁ g_ig—Q\/ﬁ
5T o1 \6+v15) 7 T 21 \9—2v15) T T 21\ 6+ V15 )

C.2 Analytic Integration

For the boundary I' = 92 of a Lipschitz domain 2 C R3, we consider a
sequence of boundary element meshes (2.1),

N
I'y = U?g.
(=1

We assume that all boundary elements 7, are plane triangles. In order not to
overload the subsequent formulae, we consider a plane triangle 7 C R? given
via its three corner points x1,zs, and x3 (cf. Fig. C.2), having in mind that
this triangle is one of the boundary elements 7o, £ =1 ..., N.

We first define a suitable local coordinate system connected to the bound-
ary element 7 with the origin in x; and having the basis vectors
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x3
T
n A A2
1 > A
z2

Fig. C.1. Boundary element 7

(ry,ry,n).
The unit vector r, directed from x2 to x3 is defined as follows

1
ry = —(¥3—22), tr=|r3— T2,

ir
Here, t; > 0 denotes the length of the side To 3 of the triangle 7. This is one
of the characteristic quantities, we will need for the analytical integration.

To find the unit vector r; which is directed along the line through the
origin in x; and perpendicular to r,, we first determine the intersection point
¥,
¥ = x4 81y = To + Ty,

where s, > 0, the height of the triangle 7, will be the second characteristic
quantity. The parameter ¢, can be easily computed as

t* = (56’1 —$2,£2).

Then,

ry = —(x

—x1), Sr=|z%¥—x1].
57

Finally, the corresponding normal vector is defined by
n=1r Xry.

Two further characteristic quantities, we will need for the analytical integra-
tion, are the tangents of the angles between the height x; z* and the sides
T1 22 and T7 T3, correspondingly. These quantities can be computed as

ty tr —ty
o = ——, Q2 = .
Sr Sy

Thus, an appropriate parametrisation of the boundary element 7 would be

T = {y:y(s,t) =T +sr;+try : 0<5< s, als<t<ags}.
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Any point € R3 can now be represented in the new coordinate system as
T =21+ 8,7 Flery F UL
with
Sz = (¥ —x1,17), tz = (x—21,15), uy = (x—2x1,0).

From this, we find the distance between any arbitrary point z € R3 and a
point y € 7 as follows:

|z —y)? = (s —52)% + (t — to)> + 2.

C.2.1 Single Layer Potential for the Laplace operator

For x € R3, we first consider the following function:

1 1
S(r,x) = E/—kv—y\dsy

1 Sr (2s8 1
= — dtds

47r0 V(s =822+ (t—t,)2 +u2

1 ¥ Q28
- 47/ [log (t—ter\/(s—sm)2+(t—t1)2+u%)} ds

™ a1s

] 1

1

= E(F(STon)7F(07052)7F(577a1)+F(070[1))'

Hence, it is sufficient to compute the integral

F(s,a) = /log (as =ty + /(5 — 54)2 + (s — t,,)? —|—u§> ds

= /log (as—tm + V(1 +a?)(s —p)? +q2) ds,
with parameters

aty + Sy 9 o (te —asy)?

p = I+a2’ q° = uy+ 1+a2

Integration by parts gives

F(s,a) = (s — s;)log (as—tx+\/(l+a2)(s—p)2—|—q2> -5

ds.

7/ (te —asy)y/(L+a2)(s —p)2+ ¢+ (1 +a?) (s —p)(p — s¢) — ¢
(T+a)2 (s —p)?+ ¢+ (as — ) /(1 + a?)(s —p)? + ¢
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With the substitution

s = p—l—Lsinhu7 ﬁ = Lcoshm
V1+a? du /14 a2

we obtain for the remaining integral

ds

I / (ty — ozsx)\/(l +a2)(s—p2+@Z+(1+a?)(s—p)p—s5z)—¢*
(1+a)2(s = p)2 + ¢ + (as — to)/(1 + a?)(s — p)? + ¢

/\/1—1—04215 — as;) coshu + a(t, —ozsgc)smhu—\/l—l—c»z2
(14 a?)coshu + av1+ a?gsinhu + (asy — ts)

The second substitution

2v 1+ 02 du 2
coshu = =

2” 1—v2" dv  1—12

U
v =tanh —, sinhu =
2 —v

gives for the last integral

2q/ 1 V1+a2(ty — asy)(1 +v?) + 2a(ty — asy)v — V1 + a2q(1 — v?)

dv,
1 -2 g(1 4+ a?)(1 +v2) + 2av1 + a?qu + (s, — t)(1 — v?)

and, therefore,

I=9 / 1 BQU2—|—Bl’U+BOdU
- q 1702A2U2+A1’U+A0 ’

with parameters

By = V14 a?(ty — as; +q),

B; =2a(t, — asg),

By = vV1+a?(t, — as, — q),

Ay = (1 +a?)q — (asy —tg),

Ap =201+ a?q,

Ap = (1+a?)q+ (s — ty).
Due to

A% —4A0Ay = —4(1+a%)u? <0,

we decompose

1 BQ’U2 + Byv + By Cy Cy Csv+ Oy

1—0v2 Agv2+ Ajv+ Ay 1—1)jL 1+’U+A2’U2+A1U+AO

to obtain
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o _ 1Bo+Bit By
YT A0+ A+ Ay
1By — By + B>
Co=cp—pr———,
2A)— A1+ Ay

C3 = Ax(Cy — Cy),
Cy = By — (C1 + Cs)Ay,

and, therefore,

CrmCym 220 o g, = YIFOn
1 —=VY2 = " > 3— Y 4 = - -
2qvV1 + o? q

Hence,

I:/(tw—asz( 1 + ! )—2\/1—}—042u2 1 )dv.

Vi+taZ\l—v 14w T Aqv? + Ajv + A
Integrating the first part and resubstituting, this gives
1 1 1
/(1+v — v_l)dvzlog|v+1|—log\v—1| = log 11_1)
/1 2(g —
= 2arctanhv = u = arcsinhw
q
/1 2(q _ 1 2)(g — )2
log< Toils—p) +\/( ra )2(8 r) +1>
q q

= log (\/1 +a?(s—p)+ \/(1+a2)(s—p)2+q2) —loggq.

For the remaining integral, we obtain

1 2A2’U + Al
2v/1 + a2u? / dv = 2u, arctan ———.
Asv? + Ajv + Ag 21 + o2uy

From sinhu = 2v/(1 — v?), we find

V14 sinh?u — 1 B VA+a®)(s—p2?+q¢®—q

sinh u \/1+a2(5—p) ’

and, therefore,
2400+ A1 Ao /(1 +0?)(s —p)* + 2 + (a(l +0”)(s —p) — A2)q
21+ alu, (14+a2)(s—p)7e
(‘1 - afi;g”) V(I +a?)(s —p)?+ ¢+ (as —t. — q)q
(S _p)uw '
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Collecting all terms together and ignoring constant parts, we finally obtain

F(s,a) = (s — s;)log (as—tz—i—\/(s—sw)2+(as—t$)2+u§) -5

PO o (VT o)+ T TGP )

(qf “fiaf) V(A +a?) (s —p)?+ ¢+ (as =1, — q)q

+2u, arctan
(S - p)ua:
C.2.2 Double Layer Potential for the Laplace operator

For piecewise linear basis functions we have to compute the local contributions
of the integrals

1
Difra) = o [ L2y s,

1 S — S Ugs did
T 4rn s 2 2 2)3/2 y
T ((t —tg)? + (s —s2)° + uz)

0 a1s
St @2s
Uy Sy — S 1 t—t, d
_ s
N e N S L]
1

= ——(F(sr,02) = F(0,02) = F(s,01) + F(0,a1)).

4ms,
Hence, it is sufficient to compute the integral
F(s,a) ul/ (sr — s)(as —ta) ds
(G5 +2) T+ @) PP+
B (a(sT — 8z) — (asy — tz))(s —52) + (57 — 85)(asy — tp) + au?
- u/ (56— 522 +u2) /(1 + a2 (s —p)P & &

ds

1
B “x/¢<1+a2><s—p>2+q2d8
_ / (a(sT —8;) — (s, — tw))(s —8z) + (87 — 8z)(asy — t,) + qu? s
‘ ((8—8z)2+u2)\/(1+042)(5— p)? + ¢

(67
———1lo (\/1+a2 s—p +a?)(s —p)? + 2),
T o8 +v(1 —p)*+4q

with parameters p and g already used for the single layer potential:

— Uy

7atz+sm 2 9
P=Tz 0 ¢ = uy +

(ty — asy)?
1+a?
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With the substitution

q : ds q
s = p+ ———sinhu, — = ———coshu,
P V14 a?

du 1+ a?
we obtain for the remaining integral

ds =

I—u / (a(sr = s2) = (ase — 1)) (s = 52) + (57 — s0) (s, — b)) + il
I (=52 +u2) /(L + (- P2 + &

q(a37+tx—2ozsx) sinh u—|—ﬁ (a(l + 042)q2+(8x — 57)(te — asx))

U — - du .
¢?sinh® u + 2v1 4 a?q(p — sg) sinhu + (1 4+ a?)((p — s2)% + u2)
The second substitution
2 1 2 d 2

U:tabnhﬁ7 sinhuzl_—va, coshuzli_—zz, d—Z:m
gives for the last integral

2q(a57+tx—2@sx)v+ﬁ (04(14'042)(124'(81-—Sr)(tx—asx))(l—UZ)dv

AT
/4q2v2+4v 1+a%q(p—sq)v(1-v?) + (1+a?)((p— &) +ul) (1-v?)?
and, thereforfe,

- QUI/ C2U2 + Civ — Oy

a1v* — agv3 4+ asv? + asv + aq

dv,

with parameters

1
N
Cy = 2q(asT +ty — 2043,;) ,

a1 =(1+a®)(ul+ (p—s.)°) = ul+a’¢> >0,

doq(t, — asy)
as =4gV1+a?(p—s5) = ——x—>,
2= v ) 1+ a2

Cy = - Sz)(t:r - asz) - a(l + a2)q2) s

as = 4(]2 _20'17

o 7 — Uy / 02U2 + Civ — Cy v
uz+a2¢?2 | vt —avP + b2 +av+1
with
" daq(t, — asy) b= 4
VI+aZ(u2 +a2g?)’ u2 4+ a?q?

For the decomposition
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CQU2+Clv—CQ . Div+ Eq Dov + Ey
vi—ad+b24+av+1 2+ Aw+ B v 4 Asv+ By’

we find the coefficients

A 20V 1 + a2q [(t, — as, n
1/2 - ’U/?v +a2q2 1 +a2 q K
1+ a? ty — Sy 2
By/y = + ,
V2T uz o a2g? ( 1+ o q)

as well as
1
D, = *i(ui + a2q2),

Dy = %(Ui +O[2q2),

Bi = s (sr s+ g) (6 — s, + (1 %)),
By = 5 (or 0~ ad) 1z — s~ (1+0%)g)

Hence, we have

2Uy,

dv +

7 Div+ Ey Dyv + Ey
= v - dv
u2 + a2q? v2 + Ajv + By v2 + Asv + By ’

and it remains to integrate

21, / Dyjov+ Ey o
Ly = — 2 2 2 dv
U:E'f'aq v +A1/2'U+Bl/2
Uy 1 9
T W2+ alg? (§D1/2 log (v* + A1 20 + By )2)
+(Ery2 — LYY )/ ! dv
1/2 2 1/251/2 v2 + A1/2’U + B1/2
1
= q:ium log (v2 + Ay v+ Bl/z)
2u 1 1
——2_ _(Ey9— =Ay 9B dv .
’U,%—FO{QQQ( 1/2 2 1/2 1/2)/U2+A1/2’U+Bl/2 U
Due to
1 1 2y,,2 _ 2
G%/Q = By — _A%/Q = Uta )uxz <tx ozzx iQ> )
4 (u%—i—oﬁqg) 1+«
we find

1 2 x ta:_ x
Gy = YLH O] (qi&) > 0.

u2 + a2q? 1+ a?
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Hence, we obtain

1 1
(E1/2 B §A1/2D1/2) / ’U2 + Al/QU + Bl/2 dv

1

1
= (Fy/9— =Ai,9D d
(B2 21/ 1/2)/(U+%A1/2)2+Gi/2 °

1 1
= @ (E1/2 — §A1/2D1/2) arctan

2v + A1/2
2G1/2

_ iui + a2q2

2v + A1/2
2|ug| '

2G1/2

(sr — s) arctan

Therefore,

1 U 2’U+Al/2
Iijs = F-uglog (v + A Byjg) £ (sr — 84) — arctan ———=
12 = FHu og (v’ + Ay jov + Byjg) £ (s, — s )|ul_‘arc an 3G s

Recall that

Vigsinhi?u—-1 /O +a®)(s-p2+q¢—q
sinh u V1+a?(s—p) .

C.2.3 Linear Elasticity Single Layer Potential

By the use of Lemma 1.15, it is sufficient to describe the computation of

1 (zi —yi)(zj —y;)
Sij(T,z) = E/ |x—y]|3 12 ds,,.

T

With the local parametrisations
y=x1+sr; +1iry, & = 1+ SzTy +1aTg + Uz,
the kernel function can be written as

Li —Yi)\Tj —Yj Qij
( yi)(x; yj): J +

—yf? ((s = s0)2 + (1 — t)2 +u2)'?

(bij (s —8g) — cijuw) (t —tg) dij(s — 82)% — €ij(s — g )ug + fiju
(s =802+ (= to)2 +u2)*® (5= 802+ (8 — 1) +u2) ™

with the parameters
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Aij = T2,iT2,5,

bij = r1,ir2,j + 72,715,
Cij = T2,4M; + 725N,
dij = T1,T1,5 — Qij,

€ij = T145Mj + 115N,

fij = ninj — ai;.
Hence, we have to compute

Sij(r,x) = Silj (r,z) + Sfj (1,x) + Sf’j(ﬂ x)

with
1 Sr Q2Ss 1
Sk(r, x)—a-»—/ dtds
ij ij 172 ’
Iy (5= 02+ (t = 1)? + u2)
Sr Q28
1 bij(s — sz) — cijug)(t —ty)
S%«(T,J]) . (biy ; ! 2) 372 dt ds,
0ol ((s —8z)2+ (t —ts) —|—um)
S+ (28

jTLL' // i ( 8z)° — eij(s — Sm)uw—i_;}g L dtds.
47r0a1€ (s — sz —|—(t—tm) +U%)

253

Note that Sl-lj (7,x) corresponds to the single layer potential function for the

Laplace equation.
For the second entry we obtain

Sr 2S

2y L [ buts= ) gt

am (s = 52)2 + (t — t)2 +u2)*/”

0 ais

Sr Q28
o _i bw’(S*Sx) — CijUy ds
C 4n ((8—5)2+(t—t)2+u2)1/2

0 x x T

@18

1

= —— (F2 (sr,2) — Ffj(sT, ) — Ffj((), as) + Ffj((),ozl)) ,

47
with the integral

bij(s — Sz) — CijjUyg

Ffj(s,a) = 5 ds
/ ((s —82)2 4+ (as —t,)% + u%) /

— CijlUg

/\/1—1—(12 p)? +¢? o
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_ — CijlUg
”/\/1+a2 /\/1+a2

p)?+¢q?

1+a2((1+0‘)( p)? +q)1/2

L b 131) ;ZCU“”” log (\/W(s —p)+V({A+a2)(s—p)?+ q2) :

For the third integral, we get

Sr 28
S3 7_ 1, // Zj m 61](5 sz)uz +:;f/2; Z b ds
47roms (s —82)2 4 (t — t2)% + u2)

7 l t—t, dij(s — 82)% — €ij(s — 8z )ug + fiju o J
S
(

J §—8z)% +u2 V(s =822+ (t—t,)2 +u2

1S
1
= E (FZ'?;'(ST7 a2) - FZ?](S‘IWQI) - FE}(O, a2) + FE](O’ a1>>

with

Fij(s,a) = / as —te dij(s = 80)* — €ij(s — sa)ua + fijus
1\ (5_81)2+U% \/(S_8$)2+(a5_tz)2+ui

/ as—t,  dij((s = s2)? +u2) —e5i(s — sp)ug + (fij — dij)u2
= 5 5 Tds
(s —s2)? +ug V(s —82)% + (s — ;)% +u2
as — 1y
=d; ds
J/\/l—i-oz? )% +q?
_eij/ (5—592;)1%2 as —t, ds
(=5 2 [T+ 2] PP+
u? as—t
+ i'—di‘/ z i d
B =) | G o e

= dij F>'(s,0) = ei; F*?(s,0) + (fij — dij) F**(s, )

and

F3lsa / as —te ds
V(L +a2)(s —p)? +¢2

—-p ap —ty

d +
Y S S
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= VI F )P+

oy (VT )+ AT

The remaining integrals can be computed in the same way as for the double
layer potential of the Laplace operator. In particular, up to the sign and the
choice s, = sy, the integral

- —t
325 o :/ (s — 82)Uy as —t, ds
( ) (S_Sx)Q—i—U% \/(1+a2)(5—p)2—|—q2

coincides with the integral of the double layer potential function of the Laplace
operator.

Furthermore, using the transformations as for the Laplace operator, we
have

2
—t

F33 (s, :/ uz as —t, d

R R R () e e

2/ agsinhu 4+ v1+ o?(ap — ts)
=u — - du
¢?sinh” u + 2v/1 4+ a2¢q(p — sz) sinhu + (1 + a?)[u2 + (p — s2)?]

> aq2v+v1+a2(ap—t,)(1-v?) dv

- 2““‘/ 420V T+ a2 q(p—s.)o(1—02 HH(La?) (2 + (p — 52)%) (1—07)?

_ 2u2/ CQU2+01U—CQ

a1v* — agv3 + azv? + agv + aq

dv,

with the parameters

Cy = —V1+?(ap—t,), C1 = 2aq,

and
_ dagq(ty — asy)

Vita?

2 2 2 2
a1 =u; +a°q", a az = 4q° — 2a;.

Hence, we get

F33(s,a) = 2u} / ( Cov? + Crv — Oy

= : d
u2 +a2¢? | (vV2+ Av+ By)(v? + Asv + Bs) Y
with
A 20v1 + a2q trfasx:t B 1+ a? txfasz:l: 2
2= e T2 l+az 1) 1/271@,—1—042(]2 l+az 1)

For the decomposition
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02U2 + Civ — Cy Dyv+ FEq Dov + Eo

(1)2+A1’U+Bl)(’l)2+AQ”U+BQ) - 1)2+A1’U+Bl 1)2+A2’U+BQ,

we find the coefficients

(tz — asz) + (1 4+ a?)q

2v1 + a?

(ty —asg) — (1+ oz2)q.

D1=D:=0, In= oIt a?

aE2:

Therefore,

) 277 E L
o _ ; / L /—2d
(5,0) 7 + a?¢? v2 4+ Ajv+ By v v+ Ayv + By Y

and it remains to integrate

I u? (ty — asz) £ (1 4+ a?)q / 1 o
V2T a2g? V1+a? v? 4+ Ayjav + Biys
B u? (ty — asy) = (1+a?)q / 1 "
U% + O[2q2 m ('U —+ %A1/2)2 -+ G%/2
1 u? (ty — asy) = (1 +a?)q 2v + Ay )z
= 3 55 arctan ———
G2 uz + a*q V1+a? 2G1 )2
with
G V1+ a2 itm—asz 50
1/2 u2 + a2q? 1+ a? '
Finally,

21} + A1/2

I =+ t
1/2 |u,| arctan G s

C.3 Iterative Solution Methods

In this section we consider the iterative solution of a linear system
Az=f, AeRVN_ gz feRV. (C.2)

Note that the dimension IV of the system is usually connected to the discreti-
sation parameter h (cf. (2.2)), and, therefore, we have a sequence of linear
systems to be solved for N — oo. We first consider symmetric and positive
definite systems and later general systems with regular matrices.

C.3.1 Conjugate Gradient Method (CG)

For a symmetric and positive definite matrix A € RV*Y_ we may define an
inner product
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(u,v)a = (Au,v) for allu,v € RY.

A system of vectors

N—-1
P={p"} ', p"#£0,k=0,...,N-1 (C.3)

is called conjugate, or A—orthogonal, if there holds

(Apt,p*) =0 fork #¢.

Note that (Ap”*,p*) > 0 since A is assumed to be positive definite. The vector
system P forms an A-orthogonal basis of the vector space RY. Hence, the
solution vector z € RV of the linear system (C.2) can be written as

N—-1
z=2"-) ap
=0

with an arbitrary given vector 20 € RY. To find the yet unknown coefficients
ay, we consider the linear system

Az = Az — OégABe:i.

Taking the Euclidean inner product with ]_7’“, this gives

N—

—

ag(A;z_f},]gk) = (A@O—LQ’“), fork=0,...,.N—1,
(=

and, therefore, by using the A-orthogonality of the system P
= fork=0,...,N—1. (C.4)

Thus, if a system P of A-orthogonal vectors p* is given, we can compute the
coefficients «y, from (C.4), and, therefore, the solution z of the linear system
(C.2). With it, this method can be seen as a direct solution algorithm. To
define an iterative process, we introduce approximate solutions as

k
ZFt1 :gO—ZagBZ = 2" —aup® fork=0,...,N—1.
=0

For the computation of the coefficient oy, we obtain from (C.4)

(AEO - fapk) 1 0 = ¢k (Aﬁk - f
ap = N = Ax — — [0 A R - - — ==
k (ApF, pF) (ApF,ph) \ 7% f ; ¢Ap 5P P
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when using the A-orthogonality of the system (C.3). Therefore,

@) k=0, N1 C.5
Oék—(ABk’Qk) ork=0,...,N—1, (C.5)
where
rk:Agk—f

is the residual vector induced by the approximate solution z*. Note that the
following recursion holds:

PR = AgRHLC f = A2 — appb) — f = 1 — apdpt

for k=0,..., N — 2. Moreover, we have
k ok
(£k+l’gk) = (rF - OékAQkyl_?k) _ (zk’gk) _ %(Agk7gk) -0
for k=0,...,N — 2. From
(fkﬂvﬂe) _ (£k7gé) —ak(Apk,]f),
it follows by induction that
("1 py =0 for¢=0,....k, k=0,...,N—2. (C.6)

It remains to construct an A—orthogonal vector system P via the orthogonali-
sation method of Gram—Schmidt. Let W be any system of linear independent
vectors w”. Setting p® = w’, we can compute A-orthogonal vectors p* for
k=0,...,N — 2 as follows: -

k k+1 ¢
(Aw* 1, p%)
PP = w T =N Bt B =

= ————, forl=0,....,k. (C7
yod (Ap*,p") 0

From (C.7) and (C.6), we further conclude

-1

(Zk+17wé) — (£k+17BZ) + Zﬁéj (£k+17£j) -0 (CS)
§=0
for £ =0,..., k. In particular, if the residual vector r**1 does not vanish, the
vectors
{(w®, w! wk Tk+1}
are linear independent and we can choose w**t = rF+1 If r**1 = 0, then

the system (C.2) is solved. In general, this will not happen and we can choose

wk =7rF fork=0,...,N—1.
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From (C.8), we then conclude
(k1) =0 foralll=0,... k.

For the enumerator of the coefficient oy, defined in (C.5), we obtain

k—1
(%, ") = @F ") = B () = (R rF) = o
=0

by using the recursion (C.7) and the orthogonality relation (C.6). From g; > 0,

it follows ap > 0 for £ =0, ..., k, and, therefore, we can write
R R RIS
Apt = — (e =)
p g

For the enumerator of the coefficients fi; in (C.7), we then obtain

1

(Awk T pf) = (" Ap') = —(F et =) =0
p £ e
for {=0,...,k—1and
(Awk+1 pk) — _ 1 (,r.k"rl rk"rl) — _%
- = aE = (o797

for £ = k. Hence, we have By =0 for £ =0,...,k — 1 and

-3 = __ G+
Brk = Br o (ApF 7

Using rF+! = ¢k — ozkAygk7 we finally obtain

and, therefore,

Ok+1
Pt = M Bk, B = —Q: :

Hence, we end up with the conjugate gradient method as summarised in Al-
gorithm C.1.

Algorithm C.1

1. Compute for an arbitrary given initial solution z° € RV

LA

0 = Ag® -1, EO =10 g0 = (°,10).
2. Iterate for k=0,...,N —2

k k k _k
8" = Ap", op = (8",p7), ap=—, T =1  —app
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and compute the new residual

k+1 k k k+1 _k+1
"= rf —ags®, gy = (PP PR,

Stop, if
or+1 < €200

is satisfied with some prescribed accuracy ¢.
Otherwise compute

Ok+1
B = ==, pft = M4 gk

Ok
For the error of the computed approximate solution z**!, we obtain
N—1
h Tz = Y aAp’,
t=k+1

and using the A—orthogonality of the vector system P, we further conclude

N-1
Hgk-&-l _@Hi _ (A@kurl _Q)’£k+1 —E) _ Z af (ABZ,QZ).
t=k+1
For an arbitrary given vector
E
Qk+1 — E0 _ ZVZ]_)Z , (09)
£=0
we obtain in the same way
) k , N—-1
e =% = 3 (ae =) (At ) + 3 ad(Ap,p)
£=0 l=k+1

Hence, we find the approximate solution z**! as the solution of the minimi-
sation problem
k+1 — i k+1
|l —fl,y, = min flu™ — 2],
where the minimum is taken over all vectors u**1 of the form (C.9). From the
recursions
p’ =10, P =M gt M =t — g dpt,

b

we find representations
P’ = Ye(A)r°

with a matrix polynomials 1,(A) of degree ¢. Hence, we conclude with e* =

2 —z
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k k k
P —z = 20— = pt = =) (A = =D whe(A) A,
£=0 £=0 =0
and, therefore,
u T —z = pry1(A)e

with some matrix polynomial piy1(A) of degree k + 1 and having the prop-
erty pry1(0) = 1. The polynomial py(A) obtained for the vector z**+! is,
therefore, the solution of the minimisation problem

||§k+1 - &HA = min Hpk+1(A)§OHA7 (C.10)
Pr+1(A)

where the minimum is taken over all polynomials py11(A) having the property

pr+1(0) = 1. The space

Sk(A,r%) = span{go,gl,...,gk} = span{[O,AL...,Akzo}

is called a Krylov space of the matrix A induced by the residual vector 7°.
From the minimisation problem (C.10), we further conclude the estimate

e =, i, g s O ]

where the minimum is again taken over all polynomials pg41(A) having the
property pr+1(0) = 1, and the maximum over the spectrum of the matrix A,
i.e. A € [Amin(A), Amax(A)] . The above min — max—problem will be solved by
the scaled Tschebyscheff polynomials Tk+1(}\), and we find

) _ 2qk+1
i 0] = mps T = -2ty
with
q= \/)\max(A) + \/Amin (A) _ V R2 (A) + 1
\/)\max(A) - \/Amin (A) K2 (A) -1 ,
where N (A)
A) — Jmax
HQ( ) )\min (A)

is the spectral condition number of the symmetric and positive definite matrix
A. Using the Raleigh quotient
(Az, z) (Az, x)

. = 1 < - — =
o) =0 ) SRR () )

we find from the spectral equivalence inequalities

cMz,z) < (Az,z) < cf (z,z) forz € RN



262 C Numerical Algorithms

an upper bound for the spectral condition number

A
%) (A) é lA .

€1
Since the spectral condition number of the boundary element stiffness matrices
may depend on mesh parameters such as the mesh size h or the mesh ratio
hmax/hmin, an appropriate preconditioning is mandatory in many cases.

Hence, we assume that there is a symmetric and positive definite matrix

Cy € RVXN which can be factorised as Oy = Ci‘/ 2Ci‘/ 2, where Cil/ %is again
symmetric and positive definite. Instead of the linear system (C.2), we now
consider the transformed system

EE _ CXI/QAC;ﬂC’;/Qg _ C,Xl/Qi _ L

where the transformed system matrix A= Cgl/ 2 AC;l/ % is again symmet-

ric and positive definite. For the solution of the linear system Az = f, we
can apply Algorithm C.1 to obtain, by substituting the transformations, the
precondioned conjugate gradient method as described in Algorithm C.2.

Algorithm C.2

1. Compute for an arbitrary given initial solution z° € RV
-1
= A2 —f, ® =C 0 p’ =10 0 = (°1°).
2. Iterate for k=0,...,N —2
s = ApF, o = (s pY), an = =, 2T =2F —ap”

and compute the new residual

=k s, v = (T R,

k+1 k k B oTi L g
- )

Stop, if
ok+1 < €200

is satisfied with some prescribed accuracy .
Otherwise compute

Ok+1
B = YL Bk+1 — okt _,'_ﬂk]_)k.

ok
For the preconditioned conjugate gradient scheme, we then obtain the error
estimate .
2
[ P =V CH PR
1+ q2(k:+1) A

where
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Ko(A) + 1 ~ Amax(A e
q = %, @(A)ziﬂ)g_%
)\min(A) 014

)

and cf, c‘§ are the positive constants from the spectral equivalence inequalities

o (@.2) < (A7,7) < ¢ (7,2) forallZ e RV,

Inserting z = C’i‘/ zg, this is equivalent to the spectral equivalence inequalities

A (Caz,z) < (Az,z) < & (Caz,z) forz e RY. (C.11)

Hence, the quite often challenging problem is to find a preconditioning matrix
C' 4 satisfying the spectral equivalence inequalities (C.11) and allowing a sim-
ple and efficient application of the inverse matrix 021 as needed in Algorithm
C.2.

C.3.2 Generalised Minimal Residual Method (GMRES)

For a symmetric and positive definite matrix A, we have used the Krylov
space
Si(A,1°) = span{r®, Ar°, ..., AFr"}

to construct an A-orthogonal vector system P (cf. (C.3)). Formally, such a
vector system can be defined for any arbitrary matrix A € RV*Y . However,
a nonsymmetric and possibly indefinite matrix A does not induce an inner
product. Instead of an A—orthogonal vector system, we therefore define an
orthonormal vector system

k1 N-1
V={v }k:()
satisfying
(Qk&e) _ 1 fork=1{¢,
0 fork=#/{

using the method of Arnoldi as described in Algorithm C.3.
Algorithm C.3
1. Compute for an arbitrary given initial solution z° € RV

0 _ 0 _ 0 _ r°
- 2

13

2. Iterate for k=0,...,N—1

k

~k+1 k ¢ k L

M = At =D B!, Bre = (Ad¥ o).
=0
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Stop, if [oFt!

|2 =0 is satisfied.
Otherwise

, compute
Ak+1
k+1

kl
SN

Note that the method of Arnoldi (Algorithm C.3) may fail if [|6¥+1||, = 0 is
satisfied. We will comment this break down situation later

Using the orthonormal basis vectors from the system V', we may define an
approximate solution of the linear system Az = f as

- - oo

where we have to find the yet unknown coefficients ay. To this end, we may re-
quire to minimise the residual r*+t1 = Azk+! —

— [ with respect to the Euclidean
vector norm,
k
54y = AT = fll, = [[A2® = £ = D" arAv|], — min,
£=0

using the parameters «p, ..., . From the method of Arnoldi (Algorithm
C.3), we obtain

£+1

4
Avt = QHlJrZﬁeij = Zﬁw@j, Beerr = |87,
o

=0

Hence, we have

k41
j 0
= E o Bejv! = 1r° — Vi1 Hya

with the orthogonal matrix

Vir1 = (yo’yl7 . 7Ql~c+1) e RVX(+2)
and with a upper Hessenberg matrix Hj, € R(++2)x(*k+1) defined by

] Be; forj <l+1,
Hyl7,0] =
el 4 {0 forj > ¢+ 1.

Moreover, we can write

r? = 02" = (]|, Visae®,

(1,0,...,0)7

where the notation e°

€ R¥*+2 has been used. Since Vi1 is
orthogonal, we deduce
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125y = (Vi (]2¢” — Hra) |,
= [[lI2%2€” = Hral|, = [[I7°[l2Qre’ — QrHral|, ,

where Q) € RE+2x(k+2) i5 an orthogonal matrix such that Ry = QHj €
R*E+2)x(k+1) g an upper triangular matrix. Then, we obtain

k 2 2
[, = [[llr°l2Qre” — Realf,

k+1

=3 (1o - Ria).

=3 (I - Rua), + (10:@ee) | = (I200@ee), .

k+1
£=0 +

if the coefficient vector @ € R**! is found from the upper triangular linear
system
Ria = [Ir%)|2 Qre’ .

It remains to find an orthogonal matrix Q;, € R +2x(k+2) transforming the
upper Hessenberg matrix

Bo,o B0 --- PBro
Bo,1 B, :
Hy, = 0 B2 - € REFx(k+1)
0 - Bk
B k+1

into an upper triangular matrix

70,0 7’0,1 e TO,k

0 T1,1
Ry = QpHy = o o . e RKE+2)x(k+1)

e Tkk
0

This can be done by the use of the Givens rotations. Let us first consider the
column vector

B = (Bj0- -+ 81,855, B541,0,...,0) | € R¥F2,

where we have to find an orthogonal matrix G; such that

. ~ T
Gjhj = (ﬂj,07 e ,ﬁj,j—lvﬂj,jv Oa Oa ) 0)
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is satisfied. For this, it is sufficient to consider the orthogonal matrix ij €

R2%2 such that _
G, 75 — 753
! <5j,j+1 0

is fulfilled. The orthogonal matrix G ; € R?*2 allows the general representation

G; = (aj bj>7 a0 =1,

—bj aj
where the coefficients a; and b; can be found from the condition
—b;B3j,; +a;jBjj+1 = 0

as
Bi.i b Bij+1
J

I e | ) — T
2 2 2 2
VBt B B5i 7+ B3 i

and, therefore, when assuming 3; 41 > 0,

Bjg = ajBj; +biBjj41 = \/ B3, + 57,01 > 0. (C.12)

aj:

For j =0,...,k the resulting orthogonal matrices G; are of the form
1
1
G; = aj b € RUk+2) % (k+2)
—bj a;
1
1

with G,[j,j] = G,[j + 1,7 + 1] = a;. Their recursive application gives

Bo,o B0 --- PBro
Boa Bia - Bra
GrGr_1...G2G1GoHy = GpGr_1...G2G1Go | 0 Big =
0 - Brk
B k+1
5070 @170 Ek,o
0 ﬁl,l ﬂk,l
= G1Gh_1...G2Gy Bra -
B,k

Bl k+1
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Boo @1,0 @c,o
0 Bi1--- Bra
:Gka_l...GQ 0o :
B,k
B k+1
Boo @,0 Ek,o
0 Bi1--- Bra
= 0 . = Ry.
Bk,k
0

Hence, we have constructed the orthogonal matrix
Qr = GrGj_1...G1Go € RETDx(kF2)

which fulfils

1 ap

0 —bo

0 0

Qre =G ...Go =Gy...G1 :

0 0

0 0
[} ap

a1(—bo) a1(—bo)

0 ak(—bo) . (—bkfl)
0 (=bo) -+~ (—br)

From this, we find
k
okt1 = (1€l [(Qre®)rra] = [|€°(|, T o)
=0
With the definition of
b, Bjj+1 7]

VB +8, 1913 + (4w, 02

we conclude b; < 1 when assuming (Av’,v’) # 0. Hence, the error is
monotonic decreasing. In the case of the break down situation in the method

)
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of Arnoldi (Algorithm C.3), i.e. ||2"|| = 0, we find b, = 0, and, therefore,
ort1 = ||[rFTY|2 = 0. In particular, 2¥*! = z is the solution of the linear
system Az = f.

Summarising the above, we obtain the Generalised Method of the Minimal
Residual (GMRES) as described in Algorithm C.4, see [96].

Algorithm C.4

1. Compute for an arbitrary given initial solution 20 e RN

1
= A" —f, 0o =[Ir'll2, v°= Q—£07 Po = Qo
0

2. Iterate for k=0,...,N —2

Ig

k
F= Ak, oM = b - Zﬁu 08 Bre = (W, v, Bresr = 07 a.
=0

Go to 3. if fir+1 =0 is satisfied.
Otherwise compute
,Uk+1 1 k+1

= Q .
ﬂkk—Fl

For {=0,...,k—1 compute

Bre = aoBre +beBrest,  Brerr = —beBre + aeBroa

and

Bk Brk41 ~
W = ———, b = B Pammrrannt Bk = \/ B + Brrsn
\ Biere + Bk \/ Biie + Biiksa
as well as

Pht1 = —DrPr, Dk = kD,  Okt1 = |[Prt1l-

Stop, if or+1 <e€po is satisfied with some prescribed accuracy

€.
3. Compute the approximate solution, i.e. for =k, k—1,...,0
1 k
oy = Bue De — Z Beja;
e j=0+1
and

k
= g0 — ZOMQZ-
£=0
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Boundary value problem
exterior Dirichlet, 21, 52, 191
exterior Neumann, 22, 54, 196
homogeneous Neumann, 29
interior Dirichlet, 10, 35, 42, 49, 65,
143
interior Neumann, 13, 36, 50, 72, 149
mixed, 17, 37, 77, 87, 155, 162
nonlinear Robin, 20
Robin, 19

Calderon projector, 9, 34
Cauchy data, 17, 19, 26, 77, 88, 138, 169
Cauchy—Schwarz inequality, 234
Cea’s lemma, 66, 69, 74, 81, 95, 229
Characteristic points, 108
Cluster, 108
Cluster tree, 108
Collocation Method, 66
Conormal derivative
exterior, 21
interior, 2, 155
Contraction, 227
Convergence
cubic, 145, 176, 182
linear, 145, 176, 192
quadratic, 152, 153, 187, 189, 197

Dirac d—distribution, 208

Dirichlet datum, 12, 13, 19, 20, 70, 72,
98, 138, 169

Displacement field, 27

Distribution, 203

Duality, 206, 235

Duality argument, 62, 64

Duality pairing, 31, 200, 206, 225

Figenfunction, 14, 43, 177
Eigenvalue, 43, 109, 177
Eigenvector, 109
Element diameter, 60
Equation

Bi-Laplace, 209

fix point, 226
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Helmholtz, 44, 168
Laplace, 2, 10, 13, 135
operator, 225
Poisson, 24, 160
wave, 44
Equilibrium equations, 27
Error estimate, 62, 67
Exhaust manifold, 135, 153, 182, 187

Foam, 166
Formula
Betti’s first, 28
Betti’s second, 29
Green’s first, 2, 41, 44
Green’s second, 2, 41, 44
Fourier transform, 204, 208
Frobenius norm, 102, 120
Function
k times continuously differentiable,
199
degenerated, 106
Hoélder continuous, 199
harmonic, 3, 4
infinite times continuously differen-
tiable, 199
Lipschitz continuous, 199
piecewise constant, 233
with compact support, 199
Fundamental solution
Helmholtz equation, 45, 169, 212
Laplace equation, 3, 107, 137, 208
linear elastostatics, 29, 209, 210
Stokes system, 42, 210

Galerkin method, 67, 137, 169
Galerkin orthogonality, 62, 229
Galerkin solution, 69

Galerkin variational problem, 228
Generalised derivative, 201

Givens rotations, 265

Global trial space, 61, 63
Gram—Schmidt orthogonalisation, 258
Garding’s inequality, 46, 47

Hoélder inequality, 200
Hierarchical block structure, 112

Hooke’s law, 28

Inner product, 204, 225, 256

Interface problem, 26, 84, 160

Interpolation, 70, 112

Interpolation property, 114, 117

Inverse inequality argument, 66, 69, 81,
92

Iterative solution, 256

Krylov space, 261

Lamé constants, 28, 210
Lax-Milgram lemma, 227
Lebesgue measure, 200

Legendre polynomials, 108, 177
Lipschitz boundary, 2, 13, 115, 231
Lipschitz domain, 59, 66, 200, 239
Local coordinate system, 244

Low rank approximation, 103

Matrix
approximation, 102
dense, 102
Hessenberg, 265
hierarchical, 101
low rank, 106
orthogonal, 265
sparse, 129
stiffness, 228
symmetric and positive definite, 256
transformation, 74
triangular, 265
Mesh ratio, 60
Mesh size
global, 60
local, 60
Midpoint quadrature rule, 240
Minimisation problem, 68, 72, 226
Multiindex, 115, 199

Navier system, 28, 40
Neumann datum, 14, 19, 20, 24, 25, 65,
75,91, 98, 138, 169
Neumann series, 12, 14, 16, 23
Norm
equivalent, 202
semi-, 62, 202
Sobolev, 201, 206
Sobolev—Slobodeckii, 201, 206
Numerical integration, 239

Operator



X—elliptic, 226
adjoint double layer potential, 6, 33,
45
Bessel potential, 204
boundary stress, 28
bounded, 225
double layer potential, 5, 32, 47
hypersingular, 7, 15, 33, 47
matrix surface curl, 32, 90
semi—elliptic, 226
single layer potential, 4, 30, 45
Steklov—Poincaré, 9, 16, 19, 22, 27,
35, 85, 161
surface curl, 7, 74
trace, 208
Optimal order of convergence, 67, 70,
75, 76
Orthogonality, 23, 117, 118, 259

Parametrisation, 239
Particular solution, 25, 26, 84, 135, 160,
169
Partition of unity, 205
Poincaré inequality, 203
Poisson ratio, 28, 163, 166
Potential
adjoint double layer, 6
double layer, 4, 32, 46
Newton, 24
single layer, 3, 30, 42, 45
Preconditioning, 147, 153, 262
Pressure, 40

Radiation condition, 21, 22, 26, 84, 160

Raleigh quotient, 261

Reference element, 59

Relay, 134, 163

Representation formula, 3, 17, 21, 22,
24, 26, 36, 41, 45, 49, 52, 54, 65,
72,77, 91, 94, 98

Riesz representation theorem, 226

Rigid body motions, 29

Scaling condition, 14, 37
Schur complement, 79, 87, 156
Shape function
linear, 63, 64
piecewise constant, 61
Singular value, 102
Singular value decomposition, 102
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Singular vector, 102
Singularity, 102, 104
Solvability condition, 13, 36, 43
Somigliana identity, 29, 35
Sommerfeld radiation condition, 48, 52,
54

Space

conformal trial, 227

dual, 202, 225

Hilbert, 201, 225

Schwartz, 204

Sobolev, 3, 17, 201, 204, 206
Spectral condition number, 69, 73, 262
Spherical harmonics, 107
Stability, 66
Stiffness matrix, 66, 69
Stopping criterion, 114, 120
Stress—strain relation, 28
Support, 199
System

linear, 228, 256

linear elastostatics, 27

Stokes, 40

Taylor series, 107
TEAM
problem 10, 131, 147, 157
problem 24, 134, 158
Tempered distribution, 204
Tensor
Kelvin, 29, 209, 210
Strain, 28
Stress, 28
Trace
exterior, 21
interior, 2, 155
Transmission conditions, 26, 84, 160
Tschebyscheff polynomials, 261

Uniform cone condition, 205
Unit sphere, 131, 143, 150, 156

Variational problem, 11, 14-16, 20, 23,
27, 35, 36, 40, 43, 61, 75, 77, 82,
84, 225, 233, 237

Velocity field, 40

Viscosity, 40

Young modulus, 28, 163, 166





